THE AUBERT INVOLUTION AND R-GROUPS

L’INVOLUTION D’AUBERT ET LES R-GROUPES
DUBRAVKA BAN

ABSTRACT. We establish the connection between the standard in-
tertwining operators for a square integrable representation and its
Aubert involution. In the cases of special orthogonal groups and
symplectic groups, we define the R-group for a nontempered uni-
tary representation, under the assumption that the Aubert involu-
tion of the representation is square-integrable.

RESUME. Nous établissons le lien entre les opérateurs
d’entrelacement standard associés a une série discrete et a son
involution d’Aubert. Dans le cas des groupes spéciaux orthogo-
naux et des groupes symplectiques, nous définissons le R-groupe
pour toute représentation unitaire non-tempérée dont ’involution
d’Aubert est une série discrete, sous 'hypothese que I'involution
d’Aubert de cette représentation est une série discrete.

1. INTRODUCTION

This work is on defining the R-group for a nontempered unitary
representation of a connected reductive p-adic group, under the as-
sumption that the Aubert involution of the representation is square-
integrable.

The R-group determines the reducibility of the induced represen-
tation and plays an important role in the trace formula. Classically,
the R-group is defined in terms of the Plancherel measure and hence
requires temperedness. An alternate description of the R-group is in
terms of the L-group and the Langlands correspondence ([A1]). Arthur
conjectured that in this context, one should be able to define an R-
group, with right basic properties, for certain cases of nontempered
representations.

BTEX
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Jantzen in [J1] used Iwahori-Matsumoto involution to define the R-
group for some unramified principal series representations. Our main
tool is the Aubert involution ([Au]). This involution maps an irre-
ducible representation into an irreducible one. Also, it commutes with
parabolic induction at the level of Grothendieck groups. The repre-
sentation and its Aubert involution share supercuspidal support and
this implies the connection between standard intertwining operators
(Lemma 7.1).

Let G be a split connected reductive p-adic group, P = MU a stan-
dard parabolic subgroup. Let o be a square integrable representation
of M. Denote by ¢ the Aubert involution of o. Suppose that ¢ unitary.
Let R denote the R-group corresponding to i (o). Attached to each
element r € R is the normalized standard intertwining operator

A(o,r) € Homg(igm(0),igm(0)) = C(o).

The set {A(o,7) | r € R} is a basis for C'(0).
We prove that ig (o) and ig p(6) have the same intertwining alge-
bras, i.e.,

HOmg(Z'G’M(O'),Z'G’M(O')) = HOmg(Z'G’M(OA'),Z'G’M(OA')), 'é.€.,

Clo) = C(5)

(Corollary 3.4). Knowing that C'(¢) is isomorphic to C'(o), we would
like to have a basis for C' () consisting of standard intertwining opera-
tors. We establish the connection between the normalized intertwining
operators

Ao, 1)« A(a,r),

which is a consequence of the relation between the standard intertwin-
ing operators

A(v,o,1) — A(v,a,r).

In the rank-one case, we prove that A(v,o,r) is holomorphic at v = 0
if and only if A(v,d,r) is holomorphic at ¥ = 0 (Lemma 7.1). Con-
sequently, A(o,r) is a scalar if and only if A(g,r) is scalar (Lemma
7.1). Moreover, A(co,r) (respectively, A(d,r)) is non-scalar if and only
if i a(o) (respectively, i ar(6)) is reducible. In that case, ig (o) (re-
spectively, ig a(6)) has length two and A(o,r) (respectively, A(a,r))
acts on one irreducible component as multiplication by 1 and on an-
other irreducible component as multiplication by -1 (Lemma 5.2). Gen-
erally, we have factorizations of A(o,r) and A(G, ) such that each fac-
tor is induced by an intertwining operator for a rank-one subgroup
(Corollary 6.3).
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In the case when G is the special orthogonal group or symplectic
group, explicit description of R-groups (for square-integrable represen-
tations) is given by Goldberg in [G]. Using his result and the relation
between standard intertwining operators for ¢ and &, we were able to
prove that o and & have the same R-group, i.e., that the set

{A(6,7)|r € R}

is a basis for C(6) (Theorem 8.1).

We now give a short summary of the paper. In the second section,
we give notation and preliminaries. In the third section, we prove that
C(0) 2 C(6). The fourth section is about the Aubert involution of sub-
representations of i¢ (o). In the fifth section, we use the induction by
intertwining operators to describe standard and normalized operators.
The sixth section gives a factorization of intertwining operators. The
seventh section describes the relation between standard intertwining
operators for 0 and &. In the eighth section, we consider symplectic
and special orthogonal group and prove that ¢ and ¢ have the same
R-group.

This work was suggested by Freydoon Shahidi and I would like to
thank him for many valuable and informative discussions. Thanks
are also due to Anne-Marie Aubert, Ljuban Dedié¢, David Goldberg,
Chris Jantzen, Josko Mandi¢, Dana Pascovici and the referee for useful
communications and comments.

2. PRELIMINARIES

In this section, we shall introduce basic notation and recall some
results that will be needed in the rest of the paper.

Let G be a split connected reductive p-adic group. We fix a maximal
split torus Ay of G and a minimal parabolic subgroup Fj which has Ay
as its split component. We denote by W = W(G/Ay) the Weyl group
of G with respect to Ay.

Denote by ¥ the set of roots of G with respect to Ay. The choice of
Py determines a basis A of ¥ (which consists of simple roots). It also
determines the set of positive roots Xt and the set of negative roots
.

Let © be a subset of A. We define Yg to be the subset of roots in
the linear span of ©. Then

Yo =X UXg,
where 3§ = 3T NXg, ¥g =X N Y.

Let P9 = MgUg be the standard parabolic subgroup corresponding
to © C A. For a € X, let U be the corresponding root group ([Bo],
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Theorem 13.18). Then

Ag = ﬂ Kera, Mo = Zg(Ae),
a€c®
ve= [] v Us= [ U~
aext-xf Q€D —Ng
We denote by Wo = W (Meg/Ay) the Weyl group of Mg with respect

to A@.

Let M = Mg be the standard Levi subgroup of GG corresponding to
© and let A = Ag. Denote by X(M)r and X(A)r respectively the
group of all F-rational characters of M and A. Let

a =Hom(X(M)p,R) = Hom(X(A)r,R)
be the real Lie algebra of A and
a=XM)rez;R=X(A)r®zR
its dual. Set
ac =a" ®C.
There is a homomorphism (cf. [H-C]) Hy; : M — a such that

q(XvHI\/I(m» — |X(m)|

forallm € M, x € X(M)p. Given v € a*, let us write

for the corresponding character.

Let 3(0) be the set of all the roots of (Pg, Ag). For a € 3, we define
ae to be the restriction of a to Ag. Then X(0) = {ag |a € ¥ — Xo}.
Given o € ¥ — Xg, let

o] ={v€X -6 |70 = o}
For ©,0" C A, we define
W(©,0)={weW|wd =06}

We say that © and ©’ are associated ([C]) if the set W(©,©’) is not
empty. If © = ©', then we set W (©) = W (0O, 0) and observe that this
is a subgroup of W.
We denote by AlgG the category of all smooth ([C]) representations
of G. We will describe the functors
'éG,M : AlgM — AZQG,
ruc: AlgG — AlgM,

the functor of parabolic induction and Jacquet functor (|[BZ], [C]).
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Let (o,V) € AlgM. Denote by ig (V) the set of all smooth
functions f : G — V satisfying f(umg) = 5113/2(m)0(m)f(g), for all
u€eUmée M, ge G. (Here dp denotes the module of P.) Then
ic.m(0) is the representation of G on ig (V) defined by

(ic(0)(9)f)(x) = f(zg), feicu(V) z,9€GC
(G acts on ig (V) by right translations). By abuse of notation, we
will denote ig (V') also by ig (o).
If o € Homy (01, 02), then the induced intertwining operator i ()
Homeg(ig.m(01),icm(02)) is defined by

icm(p)(f) =¢of.
Let (m,V) € AlgG. Let
V(U) = spanc{m(u)v —v |u e U, v eV},

The representation ry q(m) € AlgM is defined on the space ryr (V) =
V/V(U) by

rara(m)(m) (v + V(U)) = 652 (m)m(m)v + V(U).

If ¢ is an intertwining operator on m, then (V' (U)) = V(U). The
intertwining operator 7y c(¢) : raa(V) — raa(V) is defined by

ruc(p)(v+V(U)) = p(v) + V(U).

Let R(G) be the Grothendieck group of the category of all smooth
finite length representations of G. For a smooth finite length represen-
tation 7 of G, we define s.s.(w) € R(G) to be the sum of the irreducible
components of m, each component taken with the multiplicity corre-
sponding to its multiplicity in 7. Let w1, 13 € R(G). We write m < my
if, for each irreducible component p of 7y, the multiplicity of p in m
is less than or equal to the multiplicity of p in 7. For smooth finite
length representations 7y and 7o, we write m; < 7y if s.5.(m1) < 5.5.(79)
in the Grothendieck group.

tg,m and 77, induce functors

'éG,M . R(M) — R(G),
MG - R(G) — R(M)

Fix two associated subsets © and ©" of A. Let (o,V) be an ir-
reducible admissible representation of M. For w € W(0©,0’), set
Uy =UpNwU w™t. Let v € af and f € igu(expr @ o). We formally
define

A(v,0,w) f(g) = ; fw™ ug)du,
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where g € G. If A(v, 0, w) converges, it defines an intertwining opera-
tor between ig v (expr @ o) and ig y(expwr ® wo). We call it a stan-
dard intertwining operator. We also denote A (v, o, w) by Ag(v, o, w).
We refer to [A2], [GSh], [K] and [Shl] for properties of standard
intertwining operators. We need the following property:
if [(wowy) = l(w2) + I(wy), then

A(V> g, wzwl) = A(w1V> w10, wz)A(V> o, wl)

([GSh], Proposition 2.13, [A2], page 26). We define a normalized inter-
twining operator

A/(V? 07 w) = n(y? 07 w)A(V? 07 w)?

where n(v,o,w) is a normalizing factor. The existence of normaliz-
ing factors for square integrable representations was proved by Harish-
Chandra ([S2]). Shahidi ([Sh2]) described normalizing factors in terms
of L-functions and root numbers. We refer to [A2], Theorem 2.1, for
the proof of the existence of normalizing factors for any irreducible
admissible representation of G.
Set

A(o-? w) = A(07 U? w)?

Ao, w) = A'(0,0,w).
Let W(o) ={w € W | wo = o}. Here wo is defined in a usual way:
wo(m) = o(wtmw), m € M. For w € W(o), let T, : V — V be an
isomorphism between wo and o ([GSh]). Define

A(o,w) =T, o0 A'(o,w).
This is an isomorphism between ig p(0) and ig (o). We have
A(o, wawr) = n(wz, wi) A(wio, w2) Ao, w1),

where n(ws, wy) is given by Ty, = n(wa, w1)Tyw,Tw,. In this paper,
we shall assume that n(we,wy) = 1, Ywy, wy € W(e). This is known
for: GL(n), SL(n), Sp(2n), SO(n), U(n), GO(n), GSp(2n), GU(n),
and for all principal series of several other groups.

Theorem 2.1. (Harish-Chandra [S2]) Let o be an irreducible square
integrable representation of M. The set of normalized intertwining
operators {A(o,w) | w € W(o)} spans the commuting algebra

C(O’) = HOmg('L'G7M(O'),'l'G7M(O')).

The R-group is defined for square-integrable representations, using
the Plancherel measure. The definition can be found in [A3], [G] or
[GSh]. The R-group is a subgroup of W (o) and its basic properties are
given by the following theorem:
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Theorem 2.2. (Knapp-Stein, Silberger [KnSt],[S2]) Let o be an irre-
ducible square integrable representation of M and let R be the R-group
for o.

1. W(o)=Rx W', where W' = {w | A(o,w)isascalar}.

2. {A(o,r) |r € R} is a basis for C(o).

3. THE AUBERT INVOLUTION

We shall prove that, in the Grothendieck group, an irreducible ad-
missible representation and its Aubert involution have isomorphic in-
tertwining algebras (Corollary 3.4).

Theorem 3.1. (Aubert [Auj) Define the operator D¢ on the Grothendieck
group R(G) by

]| -
Da = Z(‘U' |ZG,M<1> 0T Ms,G-
dCA

S
Q

has the following properties:

. Dgo™="0 D¢ (here™ denotes contragredient).
DG (6] 'éG,M = 'éG,M @) DM
For the standard Levi subgroup M = Mg,

W=

e © Dg = wo Dy-1(a) © Tyw—1(00),65

where w is the longest element of the set {w € W | w™'(0) > 0}.
4. D¢ is an involution, i.e., D = id.
5. If o is irreducible supercuspidal, then Dg(o) = (—1)lo.
6. D¢ takes irreducible representations to irreducible representations.

If 0 is an irreducible unitary representation of GG, we will denote by
o the representation +Dg(0), taking the sign + or — so that ¢ is a
positive element of R(G). We will call & the Aubert involution of o.

Lemma 3.2. Suppose that (71, V1), ..., (70, Vi), (7, V) are representa-
tions of G. Then
1. Homg(m @ -+ @7, m) = Homg(m,m) & - - & Homeg(mp, 7).
2. Homg(m,m @& --- @& m,) = Homg(m,m) & --- & Home (7, 7).
Proof. The isomorphisms
Homc(Vi @ --- & V,, V)= Homc(V1, V)& -+ ® Home(V,,, V),
Homc(V,Vi®--- @ V,) =2 Home(V, V1) @ -+ - @ Home(V, V1)

defined in [L|, map intertwining operators to intertwining operators
and give the lemma. O



8 DUBRAVKA BAN

Lemma 3.3. Suppose that (w,V) and (7', V') are semisimple finite
length representations of G. If (w, V') and (7', V") have the same number
of irreducible components with the same multiplicities, then Homg(m, )
and Homg (', 7') are isomorphic algebras.

Proof. According to Lemma, 3.2,
dimec Homg (7, ) = dime Homg (7', 7).

This proves the vector spaces isomorphism. To prove isomorphism of
algebras, we will show that Homg(m,n) and Homg(n',7') have the
same multiplication tables.

First, suppose that 7 is the direct sum of n equivalent representa-
tions. Then
T=o0®-- Do,
VgV//:Vl@...@Vm
where Vi, ..., V, are n copies of the same space. For i,5 = 1,...,n,
define ¢;; : V; — V; by
eij(v) = v.
Define ®;; : V" — V" by
=00 - B0Dp; BOD -+ DO,
where ¢;; is on the i-th place. Then {®;; | i, = 1,...,n} is a set
of n? linearly independent intertwining operators, so it is a basis for
Homg(oc @ - @ o,0® - @ o). The multiplication is given by

YoM, difj#

Generally, let {o1,...,0k} be the set of equivalence classes of irre-
ducible subquotients of . Then there exists a decomposition
W:WI@"'@T(ka
V = V1 PP Vk,
such that, for every m = 1,...,k, m, is the direct sum of representa-
tions equivalent to o,,. Note that for m # [, Homg(my,, m) = {0}.
Let {@mitier, be a basis for Homg(mp, 7). Define

D, =00 B0 Y 0B --- B0,

where ¢,,,; is on the m-th place. Then {®,,; |m =1,...,k, i € [,} is
a basis for Homg(m, 7). If | # m, then

i - iy = 0,
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Corollary 3.4. Let o be an irreducible admissible representation of
M, & be the Aubert involution of o. Then

Homg(i(;,M(a), Z'G7M(O')) = HOmg('L'QM(OA'), ZG7M(0A'))
in the Grothendieck group R(G).

—

Proof. 1t follows from Theorem 3.1, 2., that i m(6) = igm(0).
Therefore, ig (o) and ig () have the same number of irreducible
components. The multiplicities are the same because "is an involution
(Theorem 3.1, 4.). O

4. THE AUBERT INVOLUTION OF SUBREPRESENTATIONS OF i (o)

Let P = MU be the standard parabolic subgroup corresponding to
© C A and o an irreducible supercuspidal representation of M. If p is
an irreducible subrepresentation of i¢ (o), we will prove that iy (o)
has a quotient equivalent to p (Corollary 4.2).

Denote by P~ the opposite parabolic subgroup of P, i.e., the unique
parabolic subgroup intersecting P in M. Let P = MU be the unique
standard parabolic subgroup conjugate to P~ ([C]); we can have either
P=Por P#P.

Let w; denote the longest element in the Weyl group and w;e the
longest element in Wg = W (M/Ay). Then w = wyw; e is the longest
element in the set {w € W | w(©) > 0} ([C]).

Set © = w(O). Then P corresponds to ©. For the unipotent radical
U~ of P~, we have

w(lU™)=1U.
According to [C], Proposition 1.3.3, w(Me) = M ey, s0

'LU(M) = ’LU(M@) = Mw(@) = M@ = M.

Lemma 4.1. Let o be an irreducible supercuspidal representation of
M.

1. An irreducible representation p is equivalent to a subrepresentation
of icu (@) if and only if & < Tara(p).

2. Anirreducible representation q is equivalent to a quotient of i (o)
if and only if wo < 1y 6(q), where w = wiwye.

In the proof of Lemma 4.1, we shall use Jacquet modules with respect
to non-standard parabolic subgroups, in the notation of [BeZ]: if P =
MU is a parabolic subgroup of GG, and 7 is a representation of GG, we
denote by ry1(m) the Jacquet module of 7 with respect to P = MU.
If P is a standard parabolic subgroup, then ry1(7) = rarq(m).
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Proof. 1. Follows from [B1], Corollary 4.3.

2. Let g be an irreducible quotient of i¢ a (o). Denote by ¢ the con-
tragredient representation of ¢q. By [C], Proposition 2.1.11, the func-
tor m — 7 is contravariant and exact, so ¢ is a subrepresentation of

icm(0) = igm(d) ([C], Proposition 3.1.2). By 1., ¢ < rya(§) and

taking the contragredient, we obtain & < 7;¢(g). It follows from [C],

Proposition 2.1.10 that ¢ = o, so 0 < 73.6(G). According to [C],
Corollary 4.2.5 and [B1], Corollary 3.4, we have the following

0 <rua(q) = rv-1(q) = ry-1@y1(0) = w (i a(9))-

Hence, wo < 757 6(q).

Now, suppose that ¢ is an irreducible representation such that wo <
r117.¢(q). Then, applying the same arguments as above, we obtain ¢ <
ravc(G). It follows by 1. that ¢ is equivalent to a subrepresentation of
ic.m(6). Hence, g is equivalent to a quotient of i p (o). O

Corollary 4.2. Let o be an irreducible supercuspidal representation of
M. Ifp is an irreducible subrepresentation of ig a (o), then ig (o) has
a quotient equivalent to p.

Proof. Let p be an irreducible subrepresentation of ig (o). Then
o < ruc(p). Note that w is the longest element in the set {w' € W |
(w)~1(O) > 0}.

The representation ¢ is supercuspidal and p is an irreducible sub-
representation of the induced representation ig (o). Therefore, the
Jacquet module 7,,-1 (57 (p) is supercuspidal. By Theorem 3.1, 5., the
duality operator D,,-1 ;) acts as multiplication by 1 or -1. Also, it acts
on all irreducible components of r,,-1(;7) ¢(p) in the same way. The op-
erator " is defined as £D, to assure that we obtain a positive element
in the Grothendieck group. Therefore,

wal(M),G(P) = wal(ﬁ),G(P)-
By Theorem 3.1 and the equality above, we have
T’M,G(ﬁ) =wo wal(M),G(P) =wo T’M,G(P)-
It follows that wo < 7yn,c(P). Now, Lemma 4.1 tells us that p is
equivalent to a quotient of i¢ (o). O
5. STANDARD INTERTWINING OPERATORS

In this section, we describe standard and normalized intertwining
operators using the parabolic induction by intertwining operators.
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Lemma 5.1. Let m be an irreducible admissible representation of M.
Let B be a simple root in A\ © and Q@ = O U{f}. Let w = wqwe.
Then

AXG(Vfﬂ,UO ZZingQ(fXAﬂz(Vfﬂ,UO).

Notice that w(©) > 0, so © and w(©) are associated.
Proof. Set N = Mg. Let U denote the the unipotent radical of the
minimal parabolic subgroup in N. Then

U= [ v~
aeEé
The standard intertwining operator Ay (v, 7w, w) is defined as an inte-
gral over the set
U, =UjnwU NN)w*
and Ag(v,m, w) is defined by integration over U, = Uy N wU w™".
First, we will prove that

U, =Uy,=wlU NN)w"

w

We have
v= [ v v = ] v~
aeXt\ug €D \Ig
uvnN= J] v, U nN= ][] U~
aeXH\ug @€Y, \Ig

If « € ©F, then w(a) > 0. It follows that

v,= [[ v,  u,= [ v,

aext aeEé
w(a)<0 w(a)<0

According to [Bou], Corollary 4, page 20, the length of w in W is equal
to the length of w in Wy = W(Mgq/Ap). Therefore,

{ae Xt |w(a) <0} ={a e X | w(a) <0}
and U] = U,. Now, w(a) < 0 if and only if o € 3¢, \ Xf. It follows
U,= ] v =w( [[ U =w@ nNw™

w
aeS{\nE aeni\nd
Hence,

Ay(v,mw)f(n) = [ flw  un)du,
Uw
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for f € ixnu(V), n € N, and
Ag(l/,’]T,'lU)f(g) = f(w_lu.g)du>
Uw

for f € igm(V), g € G. Isomorphisms
iam(expr @ o) = ign oiyu(expy ® o)
igm(expr ® o) &£ igNoinm(expr ® o)
are defined by
F % R,
s F

F(g) = Fo(g)(1),
Fo(9)(n) = 65"*(n)F(ng).
Also,
icN(An(v,m w))Fo = An(v, m,w) o Fy.
Now, we have

igN(AN (v, m,w))F(g) = ign (AN (v, mw))Fo(g)(1)
= An(v,m, w) o Fy(g)(1

_ / Fyla) ™) = /U ) (g

= / F(w_lug)du = Aq(v,m,w)F(g),

w

since dg(w™u) = do(w™1)dg(u) = 1.
U

Remark 5.1. Let (7w, V) be a semisimple representation of the length
two. Hence,

T =T D 7o,
V=Vial.

Suppose that my 2 m. Then the decomposition V = Vi @ V4 is unique,
dime Homg(m,m) = 2. Let o : V. — V be an intertwining operator. If
(V1) # 0, then o(m) = m, so (Vi) = Vi and there exists a € C,
a # 0, such that p(vy) = avy, for every vy € Vi. We write |y, = a.

Now, if p:V — V is an isomorphism, we have

QO|V1 = a,
QO|V2 = b>
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where a,b are nonzero complex numbers. Suppose that ¢ is not equal
to a scalar and that ¢* = 1. Then a #b, a®> =1, b*> = 1. It follows

a=1,b=-1 or a=-1,b=1.
Note that {1, p} is a basis for Homg(m, 7).

Lemma 5.2. Let a be a simple root in A\ © and Q2 = © U {a}. Set
wo = wiwre. Let (o,V) be an irreducible square integrable represen-
tation of M = Me. Suppose that i, a(0) is reducible. Write
ivg (V) =Vi & Vs,
where Vi, Vo are irreducible and Vi 2 Va. Then (up to exchange of
indices)
Ao (0, wa)yy =1,
Antg (0, wa)ly, = —1.
Further (up to exchange of indices),
AG(Ua wa)|iMQ,M(V1) =1,
AG(0> wa)|iMQ,M(V2) =—1
and
Ac(o, wa) = Fig g (A, (0, wa)).
Proof. Set N = Mg. According to Remark 5.1, there exist a,b € C,
a # b, such that
Twa © AN(Ua wa)|V1 = a,
T, © An(0,wa)lv, = b.
Let ¢ be a normalizing factor for Ay (o, w,). Then (Remark 5.1),
ac=1,bc=—-1 or ac=—-1,bc=1.
We conclude that a = —b and that ¢ is unique up to £1. We may
assume that
An(o,wa)|y, =1,
AN(O', wa)|V2 = —1.

Let f € ign(Vh), f # 0 and let d be a normalizing factor for Ag (o, w,).
We have w2 = 1 and (Ag(o,ws))? = Ag(o,1) = 1. Take g € G such
that 0 # f(g) = v; € V4. Then
v = (Ac(0,wa))* f(g) = (T, © Ac(o,wa))* f(9)
= d*(Tu, 0 An(0,wa))? © f(g) = d*(Tu, 0 An(0,wa))?(v1) = d*a?vy.

It follows da = £1. Hence, d is unique up to £1 and we have

AG(0> wa)|iN,M(Vi1) = 1’

AG(0> wa)|iN,M(Vi2) = _1>



14 DUBRAVKA BAN

where {i1,i2} = {1,2}. This implies
Ag(O', 'LUQ) = :f:'iQN(AN(O', 'LUQ)).
U

6. FACTORIZATION OF STANDARD INTERTWINING OPERATORS
Recall the following result (Lemma 2.1.2 of [Sh1]):

Lemma 6.1. Suppose ©,0" C A are associated. Take w € W(0,0’).
Then, there exists a family of subsets ©1,...,0,:1 C A such that
1. @1 = 0O and @n—l—l = @/,'
2. fir 1 < i < n; then there exists a root a; € A\ O; such that O,
1s the conjugate of ©; in ; = ©; U q;;
3. set w; = wio,wie, i W(0;,0,41) for 1 <i<n; then
W= Wy - W1.
Lemma 6.2. Suppose that ©,0" C A are associated and fix w €
W(©,0"). Write w = w, ---w; as in Lemma 6.1. Then
l(w) =l(wyp) + -+ l(w1),
where | denotes the length in the Weyl group W = W (G /Ay).
Proof. Let S; and Sy be as in the proof of Lemma 2.1.2. in [Sh1],
S1={la] |ae Xt -5, w(a) < 0},
Sy ={[08]| B € £7 = X§,, wwi ' (B) < 0}.
The condition w € W(0,0) gives w(©;) = O > 0. Similarly,
ww;' € W(0y,0") gives ww; ' (02) = © > 0 and we can write
S = {[Oé] | Q€ Z+> 'LU(O() < 0}7
Sy ={[8]| B € ¥, wwi'(3) < 0}.
If B € Sy, then w™'(3) € S; ([Shl], proof of Lemma 2.1.2). The
mapping [(] — [w™!(3)] is an injection from S, to S; and
Si = w(S5) = {la] | @ € S5, — 58} = {[a] | a € TF,wi(a) < 0},
Recall that, for any w' € W, l[(w') = Card{a € ¥t | w'(a) < 0}. We
conclude that
l(w) = Card{a| [a] € S1},
l(wwi') = Card{f | [6] € Sa},
l(wy) = Card{[a] | @ € S; —w(Ss)}.
This implies
l(w) = l(wy - ws) + l(w).

The lemma follows by induction on n. O
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Corollary 6.3. Suppose that ©,0" C A are associated and fiz w €
W(0,0"). Write w = w, ---w; as in Lemma 6.1. Then

A(l/,’]T,’lU) = A(l/n,’ﬂ'n,’wn) e A(V177T1>w1)7

where vy = v, m =7, V; = Wi—1(Vi—1) and m; = w;—1(mi—1) for 2 <i <
n.

Remark 6.1. Theorem 2.1.1 of [Sh1] gives the same factorization as
in Corollary 6.3 in the case when A(v,m,w) is absolutely convergent.

Lemma 6.4. Let M be the standard parabolic subgroup corresponding
to © C A and o an irreducible supercuspidal representation of M. Let q
be an irreducible subquotient of ig (o). Then there exists wy € W(O)
such that the standard intertwining operator A(v, o, wy) is holomorphic
at v =0 and q is equivalent to a subrepresentation of ic y(woo).

Proof. Recall ([C], [BeZ]) that
s.s.(rugoigm(o)) = Z wo
weW (O©)
and
0# rac(q) <rmeoicu(o).
Take w' € W(0O) such that w'c < rayra(q). We choose from the set
{w | we =2 w'o}

an element wy with the least length. Write wg = w,, - - - wy as in Lemma
6.1. The condition on the length of wy tells us that

WiW;_1 -+~ wr0 ZE wi_q---wio, forl<i<n.

Let 0y = 0 and 0; = w;_1(0;_1) for 2 <7 < n. Let ©; and Q; be as in
Lemma 6.1. Denote by N; the standard Levi subgroup corresponding
to ;. Note that o; 2 0;41. Let vy = v and v; = w;—1(v—y) for 2 <
i < n. According to [Shl], proof of the Theorem 3.3.1, Ay, (vi, 0;, w;)
is holomorphic at v; = 0. Lemma 5.1 tells us that A(v;, 0;, w;) is
holomorphic at v; = 0. We can write A(v, o, w) as in Corollary 6.3

A(V7 g, 'LU(]) = A(Vn> On, 'LUn) e A(V1> 01, w1)>

and conclude that A (v, o, wp) is holomorphic at v = 0. It follows from
Lemma 4.1 that ¢ is equivalent to a subrepresentation of ig a(woo)
because

woo 2 w'o < rya(q).
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7. RELATION BETWEEN STANDARD INTERTWINING OPERATORS
FOR 0 AND &

Let M be the standard Levi subgroup of G corresponding to © C A.
Let (o,V') be an irreducible square integrable representation of M and
¢ the Aubert involution of o. Suppose that & is unitary.

There exists ©y C © and an irreducible supercuspidal representation
(00, Vo) of My = Me, such that o is a subrepresentation of iy s, (00)
(we allow ©9 = ©). It follows from Corollary 4.2 that ¢ is equivalent to
a quotient of ins a,(00). Let Wo = W(Meg/Ap). According to Lemma
6.4, there exists wy € Wo(0y) = {w € Wo | w(©y) = Oy} such
that A (v, 00, wo) is holomorphic at ¥ = 0 and & is equivalent to a
subrepresentation of iy, (wooyp).

Lemma 7.1. Let Q) = ©U{a}, for a simple root o, and N = Mg, Set
Wq = W QW6 -

1. Ax(v,0,w) is holomorphic at v = 0 if and only if Ax(v, 5, w,)
1s holomorphic at v = 0.

2. Suppose that w,o = 0. Then Ax(o,ws) is a scalar if and only if
An(0,wq) 1s a scalar.

Proof. 1. Let

We \W]={weW|w'6e >0},
(W/We| ={we W | w0 > 0}.

According to [C], page 7, the set [We \ W] (respectively, [W/Weg])
is a set of representatives of cosets Wo \ W (respectively, W/Wg).
Moreover, ([C], Lemma 1.1.2),

(1) l(zwy) = U(z) + L(wy),
for any x € Wo, wy € [We \ W/,
(2) Hwaw) = U(ws) + 1(x),

for any = € Wo, wy € [W/We].
Notice that wy € We and w,(©) > 0. Therefore, w, € [W/Wg],
w,' € [We \ W]. According to (1) and (2), we have

(3) H(wawo) = l(wy) + 1(wp),

(4) Hwow, ) = I(wo) + 1w, ).
Let w)y = wawow'. Then

(5) Wy = Wyla,
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(6) wow,, " = w wp.

Let © = w,(0). Then w,;'(0') = O > 0, so w, € [We \ W], w;*
(W/Wer]. Applying (1) and (2) to ©’, wj and w,, we obtain

(7) Hwhwa) = L(wh) + U(wa),

(8) (wgtwh) = Uwy ") + U(wp).
It follows from (6) that

AN (Wav, Waoo, wow, ') = An(Wav, waoo, w, wh),
where v € a}; ¢ € aj, - Now, (4) and (8) give
(9)
An (v, 00, wo) Ax (Wal, Waoo, w,') = AN (Wiwa, Wiwaoo, W, ) A (Wal, Waoo, Wh).
According to (5), we have

AN (v, 00, wywa) = An (v, 00, wawy),

which together with (3) and (7) give
(10)
AN (wov, wao0, wy) AN (v, 00, we) = AN (wov, wWooo, wa) AN (v, 00, wp).

We use the notation of [Sh2], pg.279, to express the following result
of Harish-Chandra ([H-C]):

(11)
A (wov, wao, w, ANV, 0,ws) = p(war, weo, w, ) 1y (N/P),

where p(wav, wao, w,) is the Plancherel measure and v(/N/P) is a pos-
itive constant defined in [Sh2].

The representation o is irreducible supercuspidal. It follows from
the Langlands classification that og = exp(vy)79, where vy € sy C and
7o is tempered. Then exp(v)oy = exp(v + vp)7 and An (v, 0g, ws) =
AN (v + 19, To, Wa). As in (11), we have

A (wa(v + 1), waTo, wy ) AN (v + 10, To, Wa) = p(wa (v + o), WaTo, w, ) Y (N/Fy),
SO

(12)

AN (War, waoo, w, AN (v, 00, wa) = p(wa (v + 10), wato, w; ) IV (N/Fy).

Since o is a subrepresentation of inr.a1,(00), the operators Ay (v, 0, w,)

and Ay (wav, weo, w, ) are restricitions of Ay (v, 09, w,) and AN(an waao, w; ).
The equality (12) tells us that, away from the poles, Ay (waV, waoo, wy ) An (v, 0o, ws)
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is a scalar. The same equality holds for any subspace of iy, (V0). In
particular, it holds for iy (V) < in a1, (Vo), so (11) implies

13
| A)N(wal/ Wa00, Wy VAN (Y, 00, Wa) = p(wav, wao, w, ) 2 (N/P).
Now, using (13), (9) and (10), we have
(14)
pwarvwao, w ) YA (N/P)An (v, 09, w)
= An (v, 00, wo) p(wa v, wao, wy ) YA (N/P)
= AN (v, 00, wo) AN (Wav, Waoo, Wy ) AN (v, 00, wy)
= AN (WiwaV, Wyweog, w SHAN (wa, Wa00, Wy) AN (v, 00, W)
= A n (WawoV, wawooo, w, ) A (wor, wooo, wa ) AN (v, 00, wo).

The equality (14) tells us that the restriction of A y(wawov, wawoog, w )AN(wOV W00, W)
to the nonzero subspace im(A (v, 09, wo)) is equal to p(wav, wao, w, ) v2(N/P).

This implies

(15)

AN (wawor, wawoog, wy ) A (wov, wooe, we) = p(wal, wao, wy ) Y (N/P).

In particular, (15) holds on the subspace i (V), s0
(16)
AN (wawor, wab, w; YA (wov, 6, ws) = p(war, weo, wyt) "ty (N/P).

The equalities (11) and (16) imply that Ay (v, o, w,) is holomorphic
at v = 0 if and only if Ay (v,,w,) is holomorphic at v = 0. We will
explain it in more detail.

The representation o is square integrable and the operator Ay (v, o, w,)
is rank-one, so we may apply results from Section 5.4.2 of [S2].

If wao 2 o, then iy (o) is irreducible and Ay (v, 0, w,) is holo-
morphic at v = 0. Also ([S2], Corollary 5.4.2.2), u(0, w0, w;) > 0.
Corollary 3.4 tells us that iy () is irreducible. From (16), we read
that the composition of two standard intertwining operators on an ir-
reducible space is a scalar. Since a standard intertwining operator is
not zero, the operators in (16) have no poles at wov = 0.

Now, suppose that w,o = 0. According to [S2], Corollary 5.4.2.3,
in (o) is reducible if and only if u(0,w,0o,w;') > 0. Notice that

wy' = w,, so the operators An(0,6,w,) and Ay (0, w,G,w;"') are

equal (under the isomorphism w,o = o). If p(0,wao,w ) = 0, the
induced representations iy y(0) and iy (6) are irreducible and the
operators in (11) and (16) have poles at zero. If u(0, w0, w;t) > 0,

the induced representations iy (o) and iy a(6) are reducible, with
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two inequivalent irreducible components. It follows that the operators
in (11) and (16) are holomorphic at zero.

2. If Ay(v,0,w,) is holomorphic at v = 0, then T, 0o An(F,w,) is
non-scalar, so Ay (G, w,) is non-scalar. O

8. THE R-GROUP FOR SO(m, F') AND Sp(2m, F')

In this section, G’ will denote a special orthogonal group or a sym-
plectic group.

Let M be the standard Levi subgroup of G corresponding to © C A.
Let o be an irreducible square integrable representation of M and &
the Aubert involution of o. Suppose that ¢ is unitary.

From Corollary 3.4, we have

Homg(i(;,M(a), Z'G7M(O')) = HOmg('L'QM(OA'), ZG7M(OA'))

Let R denote the R-group for o. Then, the set of normalized intertwin-
ing operators {A(o,r) | r € R} is a basis for the commuting algebra

C(o).

Theorem 8.1. Let G = SO(m, F) or Sp(2m, F'). Let M be a standard
Levi subgroup of G. Suppose that o is an irreducible square integrable
representation of M such that its Aubert involution & is unitary. Let
R be the R-group for o. Then ¢ has the same R-group as o in the
following sense:

the set of normalized standard intertwining operators

{A(6,7)|r € R}
1s a basis for the commuting algebra
C(@') = HOmg(Z'G’M(OA'),Z'G’M(OA')).

Remark 8.1. In the statement of Theorem 8.1, we make the assump-
tion that o is a square integrable representation such that its Aubert
inwvolution & is unitary. It is conjectured that the Aubert involution of
any unitary representation is unitary (in other words, that the Aubert
involution preserves unitarity). This conjecture seems to be very diffi-
cult to prove. D. Barbasch and A. Moy in [BaM] proved the conjecture
for representations which have nonzero Iwahori fixed vector, by using
the Kazhdan-Lusztig parametrization of such representations.
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Proof. Set
Sp(2k, F),
Sp=14S012k+1,F),
SO(2k, F).
Then M is isomorphic to
M = GL(k1, F) x -+ x GL(ky, F') x Sk,
where m = ki +--- + k, + k ([T1], [B2]), and
=1 - Qp, T,
where p; is a square integrable representation of GL(k;, F') and T is a
square integrable representation of Si. We have
C=p1Q QP T.
The R-group for ¢ is computed in [G]. Let s € O(2m, F') be the sign
change element (denoted by ¢, in [G]) which induces the nontrivial

automorphism on the Dynkin diagram. As in [G, §6], we consider for
G = SO(2m, F) four cases:

1. k;is even, forv=1,... n.

2. k>0and, fort=1,...,n, k; is even or k; is odd and so = o.

3. k=0and k; isodd, fori =1,...,n.

4. k>0 and k; is odd, soc 20, fori=1,...,n.

First, let
Sp(2m, F),
G=4502m+1,F),
SO(2m, F), M satisfies1.or2.
Then ([B1])

W(©) = Sym(n) x {£1}".
For 1 < i < n, define
e=(1,...,1,—-1,1,...,1),
where —1 is on the i-th place. Let G; = Sk, 4k, M; = GL(k;, F)) X Sk.
Set
S ={e | ig,m; (pi ® T)isreducible}.
It follows from [G], Lemma 6.3 and Theorems 6.4, 6.5, that the R-group
for o is a subgroup of the group generated by S. Let
icu(V)=Vie oV,
ieu(V)=Vi&- eV
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~

be the decomposition of iga(V), igm(V) as the direct sum of irre-
ducible components. We know from [He|, [G] that ig (o) is multi-
plicity one. Then ig () is multiplicity one and the correspondence
V; <= Vj is unique.
Take ¢; € S. Then p; = p; ([T3], Lemma 2.1 and [B3], Lemma 4.3).
First, suppose that ¢ = n. Denote by N the standard Levi subgroup
of G generated by ¢; and M. Then M is a maximal Levi subgroup of
N. The induced representations iy (o) and iy a(6) are of the length
two. Write
inm(o) =Wy @ Wa,
inm(0) =Wy @ Wa,
where Wy, Wy are irreducible and Wy, 2 Ws. It follows from Lemma
5.2 that
An(o,en)lw, =1,
An(o, en)lw, = —1,
and
A(Ua En)|iN,M(W1) = 1>
A(Ua En)|iN,M(W2) = _1>
(up to exchange of indices). According to Lemma 7.1, Ay(o,€,) is

non-scalar. Repeating the same arguments as in the proof of Lemma
5.2, we obtain

AN(5>€n)|Wj1 L,
An(0, €, |Wj2 -1,
and
A, )l i) = 1
Ao, €, |ZNM(W]‘2) =—1,

where {j1,72} = {1,2}. We may choose c¢(¢,) = 1 or —1 such that
c(€,)A(0,€,) acts on V1 @ --- @ V] in the same way as A(o,€,) acts on
iee---aV.

Now, suppose that ¢ # n. Let p;, be the permutation on the set
{1,...,n} which interchanges ¢ and n. Then p;, = pl_fl and ¢ =
Din€nDin. We have

A/(07 Ei) = A/(Enpi,naa pi,n)A/(me, EH)A/(0> pz,n)
Write
ic (pino) =Vi @ - @V,

~

icmPind) =Vi@ @V},
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where V] = Vj, Vj’ = V} for 1 < j < [. As above, we may choose
c(e;) = 1 or —1 such that c(e;)A(pind,€) acts on V) @ --- @ V/ in the
same way as A(p;,0,€,) acts on V) & --- @ V). Take j € {1,...,n}.
Then A(pino, €)|v; =1 or —1, assume that A(pino, €)]y; = —1 (the
proof for 1 goes in the same way). Then c(€)A(pind,€)ly, = —1.
Moreover,

A(0> Ei)|Vj = (A/(pi,no'api,n)(_l)A/(Uapi,n)ij = -1,
c(ei)A(o, Ei)|f/j = (A/(pi,n5,pm)(—l)A’(&,pi’n))Wj = 1.

It follows that c(e;)A(d,€;) acts on Vi@ --- @V, in the same way as
A(o,€) actson Vi @ --- D V.

Now, {A(o,r) | r € R} is a basis for C(¢) and R C (S). For r € R,
we write 7 = $1 -+ Sk, S1,...,8: € 5, and define ¢(r) = ¢(s1) -+ - c(sg)-
Then ¢(r) = 1 or —1 and it does not depend on the choice of s1, ..., sg.
The above consideration shows that {c¢(r)A(d,7) | r € R} is a basis for
C(6). This implies that {A(6,r) | r € R} is a basis for C'(4).

Now, suppose that G = SO(2m, F') and that M satisfies 3. or 4.
Then, by [G], R is a subgroup of the group generated by

{ei€j | pi = pi, pj = pj, pi & pj}-
We consider the case
M = GL(ky) x GL(ky) x SO(2k),
oc=p1 ®PRT,
k1 + ko + k = m. The general case follows in the same way as earlier.
Suppose that M satisfies 3. Then ki, ks are odd, £k = 0. Suppose
that ki, ke > 1. The simple roots are a; = ¢; —e;11, 1 < i < m—1,
O = €m—1 + €, ([B2], [G]). The set of simple roots corresponding to
M is © = p\ {ag,, am}. We can write €162 = (—1,—1) as in Lemma
6.1 in the following way

€1€2 = W4W3WoW1,

where
0, =0, D =p\ {ou },
O :p\{ak1>am—1}> 92} :p\{am—1}>
O3 :p\{ak2>am—1}> Q3 :p\{ak2}>
O, :p\{akmam}? Qy :p\{am}a
05 = 6.

Then, by Corollary 6.3,

A(l/, g, 6162) = A(l/4, 04, ’LU4) e A(l/l, o1, ’LUl),
A(% o 6162) = A(V4, 54>7~U4) T A(Vb 51,101)-
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According to Lemma 5.1, A(v;, 04, w;) is holomorphic at v; = 0, for 1 <
i < 4. Lemma 7.1 tells us that A(v;, d;, w;) is holomorphic at v; = 0, for
1 <i < 4. Therefore, A(v,0,€1€5) and A(v,d,¢€1€2) are holomorphic
at v = 0. It follows from [G], Theorem 6.8, that ig a(p1 ® p2) has the
length two. By Corollary 3.4, ig a(p1 @ p2) also has the length two.
Now we can apply Lemma 5.2 to prove that A(o, €1€3) acts on

iG,M(pl ® ,02) =Vip

in the same way as A(7, €1€2) acts on

iG,M(ﬁl ® ,52) = ‘71 S Vz

(up to £1).
The other cases (when k # 0, ky = 1 or ks = 1) can be proved in a
similar manner. O
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