R-GROUPS IN THE NONTEMPERED CASE

DUBRAVKA BAN AND CHRIS JANTZEN

Abstract

In this paper, we study the R-group conjectured by Arthur, associated to
the representation parabolically induced from a representation o. We address
the question of which properties of the classical Knapp-Stein R-groups carry
over to Arthur’s setting, with somewhat surprising results. Some of the ba-
sic properties fail: the normalized standard intertwining operators A(r, o),
r € R in general do not form a basis of the commuting algebra and the com-
ponents of the induced representation are not in a bijective correspondence
with the irreducible representations of R. However, the action of standard
intertwining operators on the induced space has a natural description in terms

of representations of a finite group and the corresponding trace formulation
holds.

1. INTRODUCTORY MATERIAL

1.1. Introduction. This paper focuses on questions about R-groups. To set matters up, let
F be a p-adic field and G the F-points of a connected quasi-split group defined over F' (though
we note the results in the third chapter also apply to real groups). Recall that if P = M N
is a standard parabolic subgroup of G and o is a representation of M, we may consider the
induced representation I = Ind%o (normalized parabolic induction). Of particular interest
to us in this paper is the case where ¢ is an irreducible unitary representation, in which case
7 is also unitary and decomposes as a direct sum.

We start by reviewing the properties of Knapp-Stein R-groups (cf. [Sil2],[Sil3]; [Kn-St]
for the real case). Suppose o is in the discrete series. If W is the Weyl group of G, let
W(o) ={w € W|wo = o} (implicit is w - M = M). The R-group is a subgroup of W (o)
which determines the intertwining algebra Homg(7, 1), among other things. The R-group is
defined in terms of Plancherel measures, whence the assumption o is in the discrete series
(see [Sil2],[Sil3] for more details).

Forw € W (o), let A(o, w) denote the normalized standard intertwining operator (cf. [Sha2]).
For purposes of this introduction, we assume trivial cocycle, so the normalized standard in-
tertwining operators satisfy A(c,w9)A(o,wy) = A(o, wow;) for all wy,wy € W (o). This is
known to hold in a number of important situations (e.g., if o is generic [Sha2] or F' = R
[Kn], [Art2]). In this case, the R-group has the following properties (cf. [Keys| or [Ban2]):

PROPERTIES 1.1. With notation as above,
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(1) The equivalence classes of components of I are parameterized by the irreducible rep-

resentations R of R. Further, if I, is a component of I corresponding to p € R, then
I, appears with multiplicity dim p. That s,

I= @(dimp)lp.

(2) Homg(I,1) = C[R] (with the isomorphism generated by r —— A(o,r) in one direc-
tion).

(3) The operators A(o,r) act on and permute the dim p irreducible subspaces of the I,-
1sotypic component as the representation p. This may be expressed in the following
manner: for m = 1, an equivalence class of components of I, let

(r,m) = trace p(r).
Then, forr € R, f € C*(G),

trace (A(o,r)I(f)) = 2(7’, ) trace(m(f)),

™

where the sum runs over the equivalence classes of components of I.

We note that if the cocycle is not trivial, the first statement still applies, along with modified
versions of the second and third. In what follows, we also use the above numbering for the
corresponding properties when the cocycle is nontrivial.

The theory of the R-group has important applications both locally and globally. Locally,
the R-group governs the reducibility of induced discrete series, hence plays a key role in the
classification of irreducible tempered representations for real and p-adic groups. Globally, the
actions of normalized standard intertwining operators—especially as formulated in (3)-arise
(as part of a corresponding global formulation) in the trace formula, hence are of interest in
automorphic forms.

Based on global considerations, Arthur conjectured a characterization of the R-group
in terms of Arthur parameters (A-parameters), which we refer to as the Arthur R-group
(cf. [Artl]). The Arthur R-group is conjectured to exist for more general unitary inducing
representations, not just discrete series. Whereas the Knapp-Stein R-group requires the in-
ducing representation to be in the discrete series in order to work with Plancherel measures,
A-parameters do not require such a constraint. We note that when the inducing representa-
tion is in the discrete series, the Arthur R-group is known to correspond to the Knapp-Stein
R-group (with properties (1)-(3) holding) in a number of situations. If ' = R, they cor-
respond (cf. [She]). For F' p-adic, the Arthur R-group is known to match the Knapp-Stein
R-group when G is split and the inducing representation is a character (cf. [Keys]) or for
classical groups when the inducing representation is generic (cf. [Ba-Zh]).

A number of results on the Arthur R-group concern certain special nontempered represen-
tations (cf. [Jan2],[Banl],[Ban2],[B-J2]). The basic strategy in these results is to use a duality
operator (either the Iwahori-Matsumoto involution [I-M] or the duality of [Aub], [S-S]) to

—_—

relate Ind$o to its dual Ind%e = Ind$6 when Ind%o admits a Knapp-Stein R-group. The
properties of the classical Knapp-Stein R-groups are then transferred to the nontempered
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representation. In fact, this approach produces more refined results—the R-groups are iso-
morphic and the action of normalized standard intertwining operators closely related. This
is not so surprising given that it is expected that duality admits a nice description in terms
of A-parameters.

All the results mentioned above rely on relating Arthur R-groups to Knapp-Stein R-
groups. The representations considered are either tempered representations or duals of
tempered representations. Arthur’s definition, however, applies to a much wider class of
representations, and in the present paper we study the general case. We address the question
of which of the properties (1)-(3) carry over to Arthur R-groups in general. Therefore, we
do not have some naturally associated Knapp-Stein R-group and we work completely in the
context of Arthur parameters.

The results are somewhat surprising. The short answer is that properties (1)-(2) fail to
hold in general, while (3) does carry over. We note that it is actually property (3) which is
singled out by Arthur.

To show that (1)-(2) do not hold in general, we construct an example where they fail. The
representation we consider is

7 =Ind%(Stare) @ trivar)),

where G = SO(9, F'), P = MN is the standard parabolic subgroup with Levi factor M =
GL(2,F)xGL(2,F), Stgr(2) is the Steinberg representation of GL(2, F'), and trivgy ) is the
trivial representation of GL(2, F'). Using Jacquet module methods (cf. [Tad2],[Jan3],[B-J1],
[Mui¢], etc.), we show 7 has three components. On the other hand, from [J-S], we know the
A-parameter 1 of the inducing representation o = Stgr(2) ® trivgr(2), hence may calculate
the Arthur R-group Ry, for m. We find that

Ry, = 7.)27 % 7./27.

(not a surprising result in light of [Gol]). Since 7 has three components but its Arthur
R-group has four elements, we see that properties (1)-(2) fail to hold in general.

On the other hand, property (3) does generalize. Needless to say, we do not use properties
(1)-(2) in proving (3). Even though properties (1)-(3) have often been discussed together,
(3) is somehow more basic—just a property of normalized standard intertwining operators.

We now discuss the results section by section. In the next section, we review some back-
ground material on A-parameters, Arthur R-groups, etc. Chapter 2 deals with the example
of m = Indg(StGL(g) ® trivgr(2)) mentioned above. Section 2.1 contains a review of the
classical groups SO(2n + 1, F') and their Jacquet modules. In 2.2, we use Jacquet module
methods to decompose m, showing that it has three components. In 2.3, we calculate its
Arthur R-group, showing Ry, , = Z /27 x Z/27. These combine to show that properties (1)-
(2) fail to hold for Arthur R-groups in general. In chapter 3, we show that property (3) (or
more precisely, its extension to the nontrivial cocycle case) does hold in general. The proof
is based on general results on actions of intertwining operators (Section 3.1) and on Weyl
groups for nonconnected reductive groups (Section 3.3). These are then used in 3.4 to show
that (3) holds for Arthur R-groups in general.

Acknowledgment. D.B. wishes to thank Freydoon Shahidi, David Vogan and the seminar
Formes automorphes at Jussieu for valuable comments. She also thanks Peter Schneider for
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1.2. Notation and preliminaries. In this section, we introduce notation and recall some
results that will be needed in the rest of the paper. Let F' be a p-adic field with char F'=0.
Let G be a connected reductive algebraic group defined over F', G its F-points. The group
G is said to be quasi-split if it contains a Borel subgroup which is defined over F' ([Sp],
Section 3.2). We shall assume that G is quasi-split over F'. Fix a Borel subgroup B C G
and a maximal split torus Ag C B. Let P be a standard parabolic subgroup, i.e., a parabolic
subgroup containing B. There exists a unique Levi subgroup in P containing Ag; denote it by
M. Then M is a connected reductive F-group. We denote by ¢¢ s the functor of normalized
parabolic induction ([Be-Ze], Section 2.3). Let A be the split component of M. Denote by
X(M)p and X(A)p the groups of all F-rational characters of M and A, respectively. Let

and ag = a* ®r C.
We now give a brief discussion of Langlands parameters and Arthur parameters. The
reader is referred to [Borl],[Art1] for a more detailed discussion.

Let G denote the dual of G-the complex connected reductive group whose root datum is
dual to that of G. The L-group is then

LG:GNWF,

where Wy denotes the Weil group of F. Here, the action of Wr on G is induced from the
action of Gal(F/F) on G, where F is the algebraic closure of F' (cf. [Borl]).
Let

¢: Wr x SL(2,C) — 1@
be a homomorphism. If ¢ commutes with projections to Wr and satisfies the conditions (1)-
(5) of [Lan2], we call ¢ a Langlands parameter (L-parameter). We let ®(G) denote the set of
all equivalence classes of L-parameters of G. If II(G) denotes the set of equivalence classes of
irreducible admissible representations of G, the Langlands correspondence predicts that I1(G)
may be partitioned into disjoint subsets (L-packets) which are in bijective correspondence
with ®(G). For ¢ € ®(G), we let I14(G) denote the corresponding L-packet. This bijection
is expected to have certain number-theoretic properties characterized in terms of L-functions
(cf. [Borl]).
Let Wi = Wgr x SL(2,C) denote the Weil-Deligne group. Let

Y Wi x SL(2,C) — 1@
be a homomorphism. If ¢[y; is an L-parameter and 1 satisfies

(1) ¥[wy, is tempered (i.e., the projection of (W) to G is bounded)

(2) ¢ is algebraic on the second SL(2,C),
we call 1 an Arthur parameter (A-parameter). Let W(G) denote the set of equivalence classes
of A-parameters. It is expected that II(G) has subsets (A-packets) which are in bijective
correspondence with W(G). Unlike the Langlands correspondence, A-packets need not be
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disjoint. If ¢ € ¥(G), we let I1;(G) denote the corresponding A-packet. This correspondence
also has certain number-theoretic properties (cf. [Artl]).

We now turn to a discussion of Arthur R-groups. Suppose v is an A-parameter of G which
factors through “M = M x We C G,

Y Wy x SL(2,C) — M c *G.

The group “M is the L-group of M. It is a Levi subgroup of G (see [Borl], Section 3, for
definition of parabolic subgroups and Levi subgroups of {G). Then we can regard v as an
A-parameter of M. Suppose in addition that the image of 1 is not contained in a smaller
Levi subgroup (i.e., ¢ is an elliptic parameter of M).

Let Sy be the centralizer in G of the image of ¥ and SSJ its identity component. If T}, is
a maximal torus of S, define

Wy = Ns, (Ty)/Zs, (Ty),

Wy = Neo (Ty)/ Zso (Tys)-

Lemma 2.3 of [Ba-Zh| and the discussion on page 326 of [Ba-Zh] imply that W, can be
identified with a subgroup of W (G, A).
Let o be an irreducible unitary representation of M. Assume o belongs to the A-packet

y(M). EW(o)={we W(G,A)|wo = o}, we let
WTZ%U = Ww N W(O’)

W&U = Wg NWi(o)
and take

Ryo =Wyo/Wy,
as the Arthur R-group.

2. AN EXAMPLE

In this section, we give an example which shows that not all properties of classical R-
groups carry over to the nontempered setting. In particular, we consider the representation
Stare) X trivgre) ® 1 (cf.section 2.1 for notation) of SO(9, F). Using Jacquet module
methods, we show that this representation has 3 components (cf. Theorem 2.5). A calculation
of the Arthur R-group shows that Ry, = Z/27 x Z/2Z (cf. section 2.3). In particular, |Ry |
does not give the number of components, so Properties (1)-(2) from the introduction fail.

2.1. Classical groups. In this section, we review background on special odd-orthogonal
groups which will be needed in the rest of this chapter.

We define x on general linear groups as in [Be-Zel: if py,..., pr are representations of
GL(ny, F),...,GL(ng, F), let p; X - - - X py, denote the representation of GL(ny +---+ng, F')
obtained by inducing p1®- - -®py from the standard parabolic subgroup of GL(ni+- - -+ng, F')
with Levi factor GL(nq, F') x - -+ X GL(ng, F).

In much of 2.2, we work in the Grothendieck group setting. That is, we work with the
semisimplified representation. So, for any representation 7 and irreducible representation p,
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let m(p, m) denote the multiplicity of p in 7. We write 7 = m;+- - -+m if m(p, 7) = m(p, 71)+
-+ +m(p, ) for every irreducible p. Similarly, we write 7 > 7y if m(p, m) > m(p, 7o) for
every such p. For clarity, in chapter 2 (but only chapter 2), we use = when defining something
or working in the Grothendieck group; = is used to denote an actual equivalence.

We now turn to symplectic and odd-orthogonal groups. Let

1

denote the n x n antidiagonal matrix above. Then,
SO2n+1,F) ={X € SL2n + 1, F)|"X Jap 1 X = Jons1}.

Note that the Weyl group is W ={ permutations and sign changes on n letters }.

We take as minimal parabolic subgroup in SO(2n + 1, F') the subgroup Py consisting of
upper triangular matrices. Let o« = (nq,...,nx) be an ordered partition of a nonnegative
integer m < n into positive integers. Let M, C SO(2n + 1, F') be the subgroup

([ Xi 3

M, = X X; € GL(n;, F), X € SO(2(n —m) + 1, F)
TXk

-
\ X4

where X = JZX~!'J. Then P, = M,F) is a parabolic subgroup of SO(2n + 1, F) and
every parabolic subgroup is of this form (up to conjugation). For o = (ny,...,ng), let
p1s- -+, pr be representations of GL(ny, F'), ..., GL(ng, F'), respectively, and o a representa-
tion of SO(2(n—m)+1, F). Let p; X - - - X pi X o denote the representation of SO(2n+1, F)
obtained by inducing the representation p; ® - -+ ® pr ® o of M, (extended trivially to P,).
If m = n, we write p; X --+ X pg x 1, where 1 denotes the trivial representation of SO(1, F)
(trivial group).

We recall some structures which will be useful later (cf. section 1 of [Zel] and section 4
of [Tadl]). Let R(GL(n,F)) (resp., R(SO(2n + 1, F'))) denote the Grothendieck group of
the category of all smooth finite-length GL(n, F')-modules (resp., SO(2n + 1, F')-modules).
Set R = @,>0R(GL,(F)) and R[S] = ®,>0R(SO(2n + 1, F)). The operators x and x lift
naturally to

/

x:R®R— R and x: R® R[S] — R[Y].

With these multiplications, R becomes an algebra and R[S]| a module over R.

Next, we introduce some convenient shorthand for Jacquet modules (cf.[Tadl]). If =
is a representation of some S,(F) and « is a partition of m < n, let s,(m) denote the
Jacquet module with respect to M,. Note that, by abuse of notation, we also allow s,
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to be applied to representations Mg when Mg > M, (cf. section 2.1, [Be-Ze]). We will
occasionally use similar notation for representations of GL(n, F). If o = (nq,...,ng) is a
partition of m < n, GL(n, F') has a standard parabolic subgroup with Levi factor L, =
GL(ny, F) x -+« x GL(ng, F') x GL(n —m, F) (L, consists of block-diagonal matrices; the
corresponding parabolic subgroup of block upper triangular matrices). If 7 is a representation
of GL(n, F), we let r,(m) denote the Jacquet module of 7 with respect to L.

We now give the Langlands classification for GL(n, F') and SO(2n+1, F') (ct. [B-W],[Sil1];
for real groups, see [Lanl]). As in [Zel], let v = |det| on GL(n,F) (with the value of n
clear from context). Suppose that ¢ is an irreducible essentially square integrable repre-
sentation of GL(n, F). Then, there is an £(6) € R such that 5§ is unitarizable. For
GL(n, F), let 01, ..., d; be irreducible essentially square integrable representations satisfying
g(01) <-+- <e(dg). Then, §; X - -+ X 0 has a unique irreducible subrepresentation which we
denote by L(d1,...,0k; 7). For SO(2n + 1, F), let 41, ..., dx be irreducible essentially square
integrable representations satisfying £(d;) < - -+ < &(dx) < 0 and 7 a tempered representation
of SO(2(n —m)+ 1, F). Then, 6; X --- X §; x 7 has a unique irreducible subrepresenta-
tion which we denote by L(d,...,dx; 7). Note that we use Langlands classification in the
subrepresentation setting rather than the quotient setting for the following reason: in the
subrepresentation setting, d; ® --- ® d ® 7 will lie in the appropriate Jacquet module of
L(d1,...,0k;7) (by Frobenius reciprocity).

We now recall some structure theory related to Jacquet modules.

DEFINITION 2.1. (1) If T is a representation of GL(n, F'), set

n

m*T = Z T@)T

=0

(2) If w is a representation of SO(2n + 1, F), set

ww = Z 5()T.
i=0

If 71 and 7 are representations of GL(ny, F'), GL(ny, F'), respectively, let s(71®7y) = m®my
and m(m ® 72) = 11 X T». If 7 is a representation of GL(n, F') and ¥ is a representation of
SO(2m+1, F), define x on (R® R)®@ (R R[S]) by (M @72) X (T®1) = (11 X T)® (12 x I).
Set Mé=(m®1)o( ®m*)osom* (~ denotes contragredient).

THEOREM 2.2 (Tadié¢). If 7 is a representation of GL,(F) and 9 a representation of Sy,
then

() = M3 (r) 0 g (0).

Proof. See [Tadl|. O

We mention the counterpart for general linear groups: if we define x on R ® R by (11 ®
To) X (11 @ 15) = (11 X 7{) ® (12 X 73), then m*(m X m2) = m*(m1) x m*(m2). See section 1.7
of [Zel].
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2.2. Decomposition of Stgro) X trivgre) ¥ 1. We analyze the induced representation
Star) X trivgre) X 1 using Jacquet module methods (cf. [Tad2],[Jan3],[B-J1],[Mui¢], etc.,
for similar arguments). Before getting into the analysis, we first introduce a couple of
representations which will occur.

By Theorem 4.5 [Janl] or Lemma 4.2 [Jan3], the degenerate principal series trivgr(z)
trivsos) is irreducible. Therefore, by duality (cf.[Aubl,[S-S]) or the Iwahori-Matusmoto
involution, we see that

S = Starz) X Stso)
is an irreducible tempered representation. Similarly, the degenerate principal series trivgy, ) X

1 decomposes as L(v™%,v7%) + L(v™7; Stso)) (cf. Theorem 4.1 [Janl] or Proposition 3.6
[Jan3]). Taking duals,
Stare) X 1 =1, + 1,

where s5(1)7; = v? ® L(v~2) and syTa = vE @ L(v~2) + 207 @ Stso(z). We summarize:

LEMMA 2.3. (1) vz trivso(s) = L z,v72)+ T

(2) trivape ¥ 1= Lv~2,073) + L(v"%; Steos))

(3) v73 x Stso) = L(v~3; Stso) + T2

(4) Sty x1=T1+7T,

The Jacquet modules for the irreducible representations appearing above are given in the
table at the end of this section.

LEMMA 2.4. We have the following:

(1) v=% x L(v3; Stso@m)) = L(v=2,v75; Stso())

(2) v Ex Lv3,v ) =L 3,v 2,08+ LvsT)

(3) Stere x L) = Lo 5 Th) + L 5 T)

(4) v2x T = L(v'3; 7o)

(5) v ExT) =L %) +S.
The Jacquet modules for the irreducible representations appearing above are given in the table
at the end of this section.

N =

[N

Proof. For (1), observe that since S(l)L(V_%; Stso)) = VT ® Stso(s), by Theorem 2.2,
5(1)’/_% x L(v~3; Stsom) = v E® L(v3; Stso)) + Vi@ L(v3; Stso(3))

1

‘H/_% XKV 2 X Stso(g)

= 2073 ® L(v~%; Stsowm) + v~ ® Ty + 13 ® L(v~3; Stso)
(cf. Lemma 2.3). Now,
8(1,1,1)1/_% ® L(l/_%; Stso)) = VIQUTE QU

5(1,1,1)72 =3 & Ve & v + 23 ® U3 R y3

5(1,1,1)7/% ® L(l/_%; Stso)) = VI QUTI U,
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Let m be an irreducible subquotient of VT3 X L(l/_%; Stsoe)) such that sqym > VT ®

L(l/_%; Stsos)). Observe that the only irreducible representation of GL(3, F') having V@

R T : Lo 1 1 L
v~ 2®u? inits Jacquet moduleis L(v~2,v72,v2) = v 2 xL(v 2, 1/2) Smce ra, 1)£(V‘2
ZQV_%Q@V_%@I/%—I—V_%@V%@V % we haves(111)7r>21/ > 2z 3 ®1/2 + v 3 ®1/2 ®
Vo3, Therefore, sqym > WE® L(l/ Z,Stso(g) +vi @ T However, this then tells
us S(1,1,1)T1 > VI QUi @t (consider 3(17171)1/_% ® 7T3). Now, the only irreducible rep-
resentation of GL(3, F') having VTE @ vt ® v in its Jacquet module is ,C(l/_%, 1/%, 1/%) =

1 1 1 . 1 1 1 1 1 1 1 1 1

L(v7z,v7) X v2. Since rqnL(r™2,v2,v2) =2072 QU2 ®V? + V2 @V 2 ® v2, we have
51,1,1)T1 > VIRV @I, Therefore, sym also contains Vi ® L(l/_%; Stsoe)). As sqym
accounts for all of 3(1)1/_% X L(l/_%; Stso(s)), we see that 7 is the only component, i.e.,

V3 X L(IJ_%; Stso(s)) is irreducible. Further, since

L
2

VI L(l/_%; Stso)) — VB X VT X Stsos)

has L(l/_%, 1/_%; Stsos)) as unique irreducible subrepresentation (by the Langlands classifi-
cation), we must have

as claimed. o ) ) )
For (2), since sy L(v™2,v72) =2v72 ® L(v™2) + 172 ® Stso(s), Theorem 2.2 tells us
3(1)1/_% XL z,v7%) =vi@L s, )4+ vi@ L s, v )+ 2722 x L(v?)

‘l‘l/_% ® l/_% X Stso(g)

_3V_§®L( ~3,,77)
+u- z®’]'2—|—1/2 ®L(1/

by Lemma 2.3. Let w1 be an irreducible subquotient of TR L(l/_%, 1/_%) such that sqym >
1 1 1 1 . . .
VT L(v~z, v~ ) Then, sq1,1ym > v™2 @ v~ 2 @ v~ 2. By Frobenius reciprocity,

1

1 1 N _1 1 1
Homeg(7m,v72 x v72 x v 2 x 1) = Homy(sq,11)7, 7V 2 QU 2@V 2),

which is nonzero by a central character argument (cf. Lemma 8.2 [Gus]). Therefore,

-
(NI
|
N

1=V 2XUV 2XUV

: 111 PR R
Since ¥~2 X v~ 2 X v~ 2 x 1 has unique irreducible subrepresentation L(v~2,v~"2,v72) (by
1
3
)

the Langlands classification), we see that m = L(v~2,v72,v72). Now, L(v™" 2,1~
trivgr(e) X trivsoes) and has

[N

s@L(v v 30 ) =3 E @ L ) 40T @ L 5 Stso) + 2 F @ Ty

(which follows from Theorem 2.2 and Lemma 2.3). This leaves v~ ®7T5 and v2 @ L(v~2, v 7)
unaccounted for. An s¢ ;1) argument like that used for part (1) shows that if 5 is the irre-

ducible subquotient with s(1ym > VI ® 7>, then s(1)m must also contain vE @ L(IJ_%, 1/_%).

1/_% y%)
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Further, by central character considerations like those used above,

N

0 7é HOHIM(T’M7g7T2, l/_% X 7'2) = HOHIG(’]TQ, vV 2 X 7'2),

S0 M — 172 % T Thus, the Langlands classification tells us my = L(l/_%; T5), as claimed.

We now turn to (3). By Theorem 2.2, we have

s)yStar) X L(l/_%) = 2u3 Q V3 X L(l/_%) + y3 ® Starz) X 1

= 2u3 ®L(V‘%,V‘%) + i@ +rv 2T+ 20T

by Lemma 2.3. Observe that L(l/_%; 71) is the unique irreducible subrepresentation of VI
7, (by the Langlands classification) and S(l)L(l/_%;'Tl) does not contain ¥~% ® T3 (since
3(1)1/_% x 7; does not-an easy calculation, or cf. Lemma 3.4 [Jand]). The corresponding
statement holds for L(v~2;7;). Let m be the component of Star) X L(v~7) such that
ST = b ® 7i. Then, sym % V1 ® T3. Therefore, by the same central character
7 X 7Ty, hence m = L(l/_%;’]'l). Similarly,
we see m = L(v~2:T) is also a component of Starz) X L(v~%). Further, since S(1yT2 =
v 2@ T+ v2®L(v~2,07%) (cf. (2) above), we have

considerations used in (2), we have m; — v~

som < v EPRT+viQ Lty )+ wi e T,

Again, an s(1 1,1) argument like that used in part (1) tells us

[N

saym =v QT+ QL 2,v ) + 27 @ T,

Thus, 7, and 7y are the only components, so
St ¥ Lv™3) = Lw %, 1) + L(v™2; T),

as claimed. 1 1
For (4) and (5), note that the duals (in the sense of [Aubl,[S-S]) to ™2 x 73 and v~ 2 x 75
are vz x L(vz; Stso(s)) and vs x L(v~2,v77), resp., which have been analyzed in (1) and
(2). Asv2 x L(v™ 7, Stso(s)) is irreducible, so is v~2 % T;. Therefore,
v 3 Ty = L(l/_%;’]'l).
_%, 1/_%) has two irreducible subquotients, so does 13 x Tp. One of
them must be L(l/_%; T5). Since trivgre) X trivsoe) is the other irreducible subquotient of

Similarly, as Vi X L(v

Vi X L(IJ_%, 1/_%), its dual-i.e., Stgr2) X Stso(z) = S-is the other irreducible subquotient of
v~% x T,. This finishes the proof of the lemma. [J

THEOREM 2.5.

V5 T) + Ly 7 S)

ol
ol

Star2) X trivgre) X 1 = L(l/_%, v 2; 7))+ L(v™

The Jacquet modules of the components are given in the table at the end of this section.
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Proof. By Lemma 2.3,
. _1 _1 _1
StGL(g) X trivgr(z) X 1= StGL(g) X L(l/ 2,V 2) + StGL(g) X L(l/ 2; Stso(g)).

Thus, it suffices to analyze these two induced representations.
1
Let us start with Stgre) X L(v~2; Stgo(s)). By Theorem 2.2,

S(l)StGL(g) X L(l/_%; Stso(g)) = 21/% &® l/_% X L(IJ_%; Stso(g)) + l/_% ® StGL(g) X Stso(g)

=205 ® L(l/_%, 1/_%; Stso)) + ri®S

L
2

by Lemma 2.4. Now, let m; be a component such that sqm > Vi@ L(v ,1/_%; Stso))-

Then,
S1,1,1)T1 > VIRUTIQUTI® Stso)
U
s@m > L7, Stare) © Stso),

since ,C(V_%,StGL(g)) = 173 X Star) is the only irreducible representation of GL(3, F')
containing Vs ®y‘% ®1/_% in its Jacquet module. Now, the Jacquet module of ,C(l/_%, Star))
also contains v 2 ® vz @ vz, Therefore,

SainT1 = Vo TQUIQUTIQ Stsos)
\U/ 1
s)ym >v @S,

Thus, there is only the single component 7y, i.e., Stgr2) L(IJ_%; Stso(s)) is irreducible. By
the now usual central character considerations, m; — VxS, Therefore, by the Langlands

classification,
1 1
Stare) X L(v™z; Stso(g)) =m = L(v™2;S).
We now turn to 7 = Stgre) ¥ L(v~2,v72). By Theorem 2.2,

1 1 1 1

smyStarey ¥ L(v~™2,v72) = 21/2 QU XL rE) 42w ® Stare) ¥ L(v-3)
‘l‘l/_E ®StGL(2 X Stso(g
-1 1 1 1 1
=i L(v 2, 2,07 2)+ 2w @ L(v 2 T)
12072 @ L(v~ ,’]'1)+21/_%®L(1/‘%;’T2)+1/‘%®S

by Lemma 2.4. We observe that the only terms of the form v 2 @ "2 @ 7 (7 irreducible) in
5(1,1)T are 2wt @r T, and 2 QU 2 ®T,. Therefore, by central character considerations,

0 # Hom (rp o, VIRUTE® 7:) = Homeg(m, VX 1T X )

for some i. That is, there is component m; of 7 such that m; — v72 x v~ ~3 % T;; by the

Langlands classification, m; = L(l/_%, I/_%;Ti). This shows L(l/_%, v~2;7;) is a component

of Star(z) X L(l/_%, 1/_%) for some 7. We next show that this actually holds for both ¢ = 1, 2.
Observe that

= D=



12 DUBRAVKA BAN AND CHRIS JANTZEN

1 L _1
2

As L(v~z, 1/_%; 7;) is the unique irreducible subrepresentation of v~2 x v
have

x 7T;, we must

L(V_%,V_%;’];) <y X L(V_%;Ti).
1

Therefore, S(l)L(IJ_%, 1/_%; T) < S(l)l/_% x L(v~2;T;). Now, by Theorem 2.2 and Lemma 2.4,

1

T2 T1)+1/2®L(1/ DT+t @uExT;
1 )

—w @ L)+ 3w @ Lv 2 Th) +veL(v 2, v s,
3 @ L(v 2, T)

S(l)l/_% x Lv~2;7) = V3@ L
1% ®1/_% T +v7% x L2, v~

/—\

,\)|,_.

ol
|
ol
S—

and
1 1

sy X L(v2;h) =v 2Lz h) +v

1 1 1

:21/_%®L(1/ )+ 202 @ L(v—2
+u2 ®L(1/_%,1/_%,1/_%)

L) 4+1r208

Suppose, e.g., T = L(l/_%, 1/_%; 71). The above calculations then show VUi L(IJ_%; 1) £
s(1)T1. So, we let 3 be a component such that symy > b ® L(l/_%; 7). The same central
character /Frobenius reciprocity argument used above then tells us my — V3 X L(l/_%; 1),
hence my = L(l/_%, 1/_%; 7T5). We note that the same considerations would apply if we started
with 7 = L(IJ_%, l/_%;,]'g). Thus, both L(IJ_%, I/‘%;’Tl) and L(l/_%, 1/_%;’]'2) are components
of Star(a) X L(v~%,v73), as claimed.

It remains to show that L(l/_%, Tt 7:1) and L(l/_%, =t T,) are the only components. This
may be done using the same sort of s(; 1 1) considerations applied in showing the irreducibility
of Stare) L(I/_%; Stso)). O

Jacquet modules:

8(1)L(1/_% S)=v" 3RS+ ws ®L( -3 V_%;Stso(g))

siLv v ET) = @ Ly 5 T) + vk @ L3, 078, 07)

S(I)L(V_%’V_%Tz) =207 ®L(V 3 i Ts) +v72 ®S+V% ®L(l/_%,y_% V- %) +2u3 ® L(v~ 3 ;72)
S(l)L(l/_%,l/_%,l/_%) =3v- ®L(y é’y_E) +UEQ® L(v -5 : Stsos) 2w EeT,
saL(v™2,v7%; Stso) = 2075 ® L(v™ 2 Stsog) + v72 @ T+ 12 © L(v™3; Stso)
syl 2T =v 2@ T+ @Lv 5, 2) + w1 QT

sL(v 5 h)=v @ L +vi® LV v 5)

s1)S = 23 ® L(y‘% Stso)) + Vi ® ']’1 130T,

S(l)L(V_%ﬂ/_%) =273 ®L(1/ 4T Stso)

sl T Stso)) = 1 ® Stso)

syTh = l/% ® L(y‘%) 1

sl =v2 @ L(r™2) 4+ 212 ® Stgos)
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REMARK 2.6. The calculations done in this section can be generalized to (p, o) reducibility
at 1/2 (cf.[Tad2] for more details).

2.3. Calculation of the Arthur R-group. We now calculate the Arthur R-group for
Star2) X trivgre) ¥ 1. Now, o = Stgre) ® trivgr) is a representation of the standard
parabolic subgroup with Levi factor M = GL(2,F) x GL(2,F) C SO(9, F). Then, M =
GL(2,C) x GL(2,C) C Sp(8,C). Thus, the associated A-parameter

Y Wp x SL(2,C) x SL(2,C) — M C Sp(8,C)
may be determined from [J-S]. It has the form
P=1®5®51)® (1S ®S5)® (1S ®S)® (1S5,

where 1 denotes the trivial representation of Wx and S, the standard irreducible n-dimensional
representation of SL(2,C). In particular, S; is the trivial representation and Sy may be cho-
sen to have Sy(x) = x for x € SL(2,C). Thus,

X4
Xo

TX2—1 |X1>X2 € SL(2>C) )

image ) =
TXl—l

where 7 denotes transpose with respect to the antidiagonal.
Given the form of image 1), its centralizer has the form

Al Bl

A2 B2

C12 D2 ’
Cl Dl

Sy =

with A;, Bi, C;, Di 2 x 2 matrices. In particular, Wy, W) C W (o). Let

10
(0 h)

so that EX = "X 'F for X € SL(2,C) (i.e., E gives the equivalence of representations
S, 2 7S in the obvious notation). Now,

X1 A1 Bl
X2 A2 Bg
X, Cy Dy
X! G D,
Al Bl Xl
_ Ay By X
- Cy Do X,

o D, Xt
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immediately gives
XA =AX, X0 = 0iX;

X;B; = B7X; ' "X, 'D; = DXt
Therefore, by Schur’s lemma,

Ai= I Ci=\c,E

Bi=Ap,E D;=Ap,1

for scalars Aa,, Ap;, Ac;, Ap, (with I the 2 x 2 identity matrix).
Now, to have

Aa, I Ap, E
A,] Ap,E
A, E - Ap,I

A, E Ap, [

€ Sp(8,C),

we must have Ay, A\c; = A, Ap, =0 and Aa,Ap, + Ap,A\c; = 1. Thus,

)\A1I )\All \ )
B ywi B, L
Sv = o Y A\pLE B
Ay, I Ay, 1 )
)\BlE )\BlE

Wi Mg, E
Al

Mg, E
Mo E Mo E

Therefore, Wy, = Wy = Z/27Z x Z/2Z and W) , = W = 1. Thus, the Arthur R-group is
Ry. = Z)2Z x Z/2Z,

as claimed.

3. ACTION OF INTERTWINING OPERATORS

In this section, we show that (3) of Properties 1.1 holds for intertwining operators. More
precisely, we show the appropriate generalization to accommodate nontrivial cocycle holds.
Our approach is based on arguments used for Knapp-Stein R-groups (cf. [Keys|,[Ke-Sh|,[Ban2])
and the adaptations to nontrivial cocycle from [Art3]. We note that the results in this sec-
tion also apply to real groups (noting that the accommodations for nontrivial cocycle are
not needed for real groups).

G, M are as in Section 1.2
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3.1. Actions on intertwining algebras. Let ¢ be an irreducible unitary representation
of M and consider the induced representation I = ig (o). Let V' denote the representation
space of I. Let R be a finite group, C[R] its group algebra. Suppose

r— A(r)
extended linearly to C[R] gives a homomorphism of C[R] into the intertwining algebra
C(o) = Hom([I, I). In particular, this gives rise to a representation of R on V' which com-
mutes with the action of G. It follows I : R x G — Aut(V) given by

I(r,9) = A(r)I(9)
is a representation of R x G on V. We have
0 P~ @,
pRT

where p runs over the set of equivalence classes of irreducible representations of R and 7
runs over the set of equivalence classes of irreducible components of I. The integer m, g > 0
is the multiplicity of p ® 7 in I. Let

Mp@m Mp@m
(2) V=D D Ver() =D D User @ Ve
pRT =1 pRm i=1

be a decomposition of V into I-irreducible subspaces corresponding to (1), with Ulsr (vesp.,
Vo) an irreducible R-invariant (resp., G-invariant) subspace of Vjgr(i). For an irreducible
component 7w of I, define

(3) Pr = @ Mp@mP-

This representation acts on the space U, EB gpr, U;®7r C V. The spaces V;f@m for all p
and i = 1,...,m,g., are mutually equivalent and we can identify each of them with a space
denoted by V; we write I,; : V; — VZ®W for the maps. From (2),
Mp@m Mp@m
V2@ B uie ot - (D Bk ) ov - Brro
pRT =1 ™ ™

We may describe the isomorphism explicitly: for u € Uy, write u = > >, u,; with u,; €
U? For v € V,, we have u ® v € U, ® V. corresponds to

PR
I(u®v) = ZZ“MW ev,

which extends to give the isomorphism. It follows that
(4) = @pw R, = @(dimpw)ﬂ

For a given 7, the space U, ® V. is the m-isotypic subspace of V' and therefore is canonically
defined (although U, and V. are not). The representation p, is also canonical. If we want
to fix a decomposition of U, ® V. into G-irreducible subspaces, we fix an orthonormal basis
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{uy,...,ur} of Up. Then U, @ Vi = (uy @ Vi) @ -+ @ (ux ® Vi). The action of A(r) on
u®v € u® Vg is precisely pr(r)u ® v.

For f € C*(G), define
/ f@)Ig)dg,  w(f) = /G f(9)m(g)dg

For v € V, write Z7'v = > > u! ® v%, in accordance with the decomposition (4) of I
(vl @ v: € Uy @ V). Then, for r € R and f € C>°(G), we have

A(r)I / f(g)I(g)vdg

/ F(9) Al (g)vdg
- /G F(9)I(r, g)vdg

_ /G £9) D2 D T (pelr)u 0 w(g)us) dg
- ; ;I (pW(T’)u; ® /Gf(g)ﬂ(g)v;) d
— Z ZI (pr(r)ul @ 7(f)vh)

= <@ pr(r) @ 7T(f)) v

Notice that all the integrals above are essentially finite sums. It follows that
= @ Pr (T) Q@

In particular,

trace( A Ztrace (pr(r Ztrace pr(r) trace 7(f).

We have proved the following:

LEMMA 3.1. Let o be an irreducible admissible unitary representation of M and I =i (o).
Let R be a finite group. Suppose r — A(r) is a homomorphism of R into a multiplicative
subgroup of C(c) = Hom(I,I). To each component m of I we can attach in a canonical way
a representation pr of R. Then

I= @(dimpw)ﬂ,

where ™ runs over equivalence classes of irreducible subrepresentations of I. If we define

(r,m) = trace pg(r),
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then
(5) trace(A(r)I(f)) = Z(r, ) trace 7(f).

3.2. Standard intertwining operators. Let ¢ be an irreducible admissible unitary repre-
sentation of M. For w € W (o), take a representative w € K C GG, a good maximal compact
subgroup. Let A(v,0,w), v € af, be the standard intertwining operator defined in Section
1 of [Sha2]. (For detailed description, see [Shal].) Then v — A(v,o,w) is a meromorphic
function of v. If A(v,o0,w) is holomorphic at ¥ = 0, then A(0,0,w) is an intertwining
operator between ig a(0) and i p(wo). We define a normalized intertwining operator
A'(v,0,w) = n(v,o,w)A(o, w),

where n(v, o, w) is a normalizing factor. We do not specify the normalizing factor used here,
we just refer to [Art2], Theorem 2.1, for the proof of existence. Set A’'(o,w) = A'(0,0,w).
One of the basic properties of normalized operators is

(6) A/(O', ’Lﬁl’wg) = A/(’Lﬁlo', ’LIJQ)A/(O', 'IDQ),

where w0, 1w, are representatives of wy,wy € W(o). Let (,) be the pairing explained in

Section 2 of [Shal] (also, cf. Section 5.2.1 of [Sil3] and Section 1 of [Art2]). Then the adjoint

operator of A'(o,w) is A'(wo,w™'), i.e., for f € ig (o) and f' € ign(wo), we have
(A(o,@)f, f) = (f, A(wo,a7") f).

Then, using (6),

(A'(o, @) f, A0, @) f) = (f, A'(wo, 0~ ") A'(0, @) f) = (f, f).
This tells us that A’(v, o, w) is holomorphic at 0 and A'(o, w) € Homeg(ig (o), ig.m(w0)).
Next, we can associate to A’(c,w) an operator in C(o), as follows. Since wo = o, o
extends to a representation o, of the smallest group containing M and w. Fix such an
extension o, and define

(7) Ao, w) = oy (w)A'(0, ).
Then A(o,w) € C(o) and the definition is independent of the representative w. Note
that o, (w) € Homys(wo, o). Let wy,ws € W (o), with representatives wy, wy. Since o is
irreducible, there exists a constant 7(w;, ws) such that

Tuwyws (W1W2) = 1)W1, W2) 0w, (W1)Tw, (W2).

It follows that

) Ao, wnws) = nwr, wa) Ao, wn) Ao, wn).
Now, let R be a subgroup of W (). Equation (8) implies
(9) A(o,r1r2) = n(r1,r2)A(o,11) Ao, r2), 71,72 € R.

We will show that (3) of Properties 1.1 hold for R.
If n = 1, then r — A(o,r) is a representation of R on C(o) and (5) follows directly.
Assume 7 splits, i.e., there exists a function £ : R — C* such that

n(ri,ra) = E(rira)€(r) 1 (ra) ™
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Then &(rire) Y A(o, rire) = £(r1) Ao, 71)E(r2) T A(o, m2) and 7 — &(r) " A(o, ) is a repre-
sentation of R on C(c). Formula (5) holds for £(r)~'A(o,r) (noting that in this case, the
cocycle is normally absorbed into the normalization so does not appear).

If  does not split, we apply Schur’s theory of projective representations ([C-R}, §53, [Sch],
[Art4]). Theorem 53.3 in [C-R] tells us the class {n} has finite order n. From the proof of
the same theorem, the class {n} has a representative o whose values a(r, s) are nth roots of
1 and «(1,1) = 1; a € {n} means there exists a function £ : R — C* such that

(1, ma) = a(rr, ra)€(rr)&(r) 7 E(r2)
Fix ¢, a primitive nth root of 1. For each pair r, s € R, define the integer a, s by
a(r,s) = (s,

0 <a,s <n. Let Z, be the cyclic group generated by a. On the set R of all ordered pairs
(r, o), r € R, o* € Z,, define multiplication by
(r,a®) (s, al) = (rs, a®=TFH,

Then R is a group. (To see associativity, observe that (9) for A'(r) = & '(r)A(o,r)
gives A'(rire) = a(r1,m2)A'(r1)A’(r2).  Associativity follows from a(rira,r3)a(r,m2) =
a(ry, rors3)a(re, r3), which can be obtained easily from (9) for A’(ryrers).) The mapping
2 (1, 2) is an isomorphism of Z, into the center of R. We have

1— 27, > R— R—1.
Define a linear character y : Z, — C* by x(a*) = ¢*. Define A: R — C(0) by
A((r,2)) = x"H(2)&(r) " Ao, 1),
re R, z€ Z,. Then
A((r, a¥)(s, 1)) = A((rs, a®+FH))

= (el (rs) T (r, 5) Ao, 7) A0, 5)
= (e (rs) alr, s)E(rs)(r) T (s) T Al 1) Ao, 5)
= (o hleans (1) T ()L Ao, 1) Ao, 8)
= A((r,a")A((s,a")).

It follows that 7 — A(7), 7 € R, is a homomorphism of R into C'(¢) and formula (5) holds

for A. In particular, attached to each component 7 is a representation pr of the group R.
For r € R, define

(r,m) = trace p((r,1)).
Lemma 3.1 now implies the following:

THEOREM 3.2. With notation as above,

&1 (r) trace(A(o, r)I(f)) = Z(r, ) trace ( f).

™
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3.3. Arthur R-group. We now consider the situation described in Section 1.2. In particu-
lar, 1 is an elliptic A-parameter of M and o belongs to the A-packet II,(M). The group Sy
(the centralizer in G of the image of 1) is a reductive group. It can be shown that W,/ Wg is
isomorphic to a subgroup of Wy; denote this subgroup by R,. In addition, it can be shown
that the following exact sequence splits:

1—>W£—>W¢—>R¢—>1.
Then we have an embedding

1 — W), — Wy — Ry, — 1

| | |
1—>W$—>W¢—>R¢—>1

of short exact sequences. If Ry, C W(o), we can apply results of sections 3.1 and 3.2 to
R=Ry,.

ExAMPLE 3.3. We look at what happens in the example from chapter 2. In this case,
T = Indi(c) = Star) X trivare x 1 and W(o) = {1,w;,ws, w3}, where the elements of
W (o) are most easily described by their actions: if m = diag(Xy, X2,1,7 X', "X e M
(block diagonal matriz in SO(9,F)), then wy - m = diag(Xy," X2, 1, X5,7X3), wy - m =
diag(" X1, Xo, 1,7 X2, X1), and wy - m = diag("X1,7X>,1, Xo, X3).

Recall that we have (cf. proof of Theorem 2.5)

Staw x L v ) = Lo~ b v BT @ Lo v T)

We may also determine that

trivgre) X T = L(l/ ,l/_%; 'Tl)

ol

trivgre) X To = L(l/_%, v T) & L(l/_%; S)
by a similar calculation (though made much easier since the Jacquet modules of the various
subquotients are already known).

We know Staro)x1 = Ti®& Ty and trivgppyxl = L(v 2,0 ) L(v3; Stso)) (cf. Lemma
2.8). We use normalizations so that the nontrivial normalized standard intertwining operator
for Stariy 1 acts trivially on T, (generic component) and nontrivially on Ty ; for trivgr o)
1, we normalize so that the nontrivial normalized standard intertwining operator acts trivially
on L(v=2,v72) (K-spherical component) and nontrivially on L(v™%; Stsoe)). We then use
corresponding normalizations for Stgre) X trivgre) X 1 (so that A(o,w:) acts trivially on
Starz) X L(l/_%,l/_%) and nontrivially on Stgrz) X L(V_%;Stso(g)), etc.). The action of
normalized standard intertwining operators is summarized below:

‘ A(o,1) A(o,wy) A(o,wy) Ao, ws)
m=Lv v 2| 1 1 1 1
=L v h)| 1 1 ~1 ~1
75 = L(vz,8) 1 -1 1 ~1



20

DUBRAVKA BAN AND CHRIS JANTZEN

If we let py denote the trivial character of R = W (o) and p; for i = 1,2,3 the nontrivial
character which is trivial on w;, then the above implies pr, = p1, pxy, = po and pr, = p2
(with my,o= = 0 for all w). If we twist the normalizations by a character p of R, there is a
corresponding twist in the pn,.

[Art1]
[Art2]

[Art3]
[Art4]
[Aub]

[Banl]
[Ban2)
[B-J1]
[B-J2|
[Ba-Zh]

[Be-Ze]
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