JACQUET MODULES AND THE LANGLANDS CLASSIFICATION
DUBRAVKA BAN AND CHRIS JANTZEN

ABSTRACT. In this paper, we consider a standard module in the subrepresentation
setting of the Langlands classification. We show that the inducing representation
appears with multiplicity one in the corresponding Jacquet module, and in fact,
it is the unique subquotient of the Jacquet module with its central exponent. As
an application, we show how this may be used to easily deduce a dual Langlands
classification—essentially, a generalization of the Zelevinsky classification for general

linear groups.

1. INTRODUCTION

The Langlands classification is a fundamental result in representation theory and
the theory of automorphic forms. It gives a bijective correspondence between irre-
ducible admissible representations of a connected reductive group G and triples of
Langlands data. It was proved by Langlands for real groups [L]. The proof for p-adic
groups is due to Borel and Wallach [B-W], and Silberger [Sil].

We consider the p-adic case, so let G denote a connected reductive p-adic group.
Let (P,v,T) be a set of Langlands data in the subrepresentation setting of the Lang-
lands classification. Then P = MU is a standard parabolic subgroup of G, 7 is an
irreducible tempered representation of M and v € (ap)* (see Section 2 for defini-
tions). Write 7 = L(P,v,7) for the irreducible representation of G corresponding
to (P,v,7). Then 7 is the unique irreducible representation of the corresponding

standard module, i.e., the induced representation i¢ (exp v ® 7). We show that the
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(normalized) Jacquet module 7y ¢ (ig.a(exp v ® 7)) contains exp v ® 7 with multiplic-
ity one and has no other subquotients with central exponent v. This is a useful result
(e.g., Lemma 3.4 of [Jan2] is essentially a special case) which was expected, but for
which there seems to be no proof available in the literature. Our main purpose here
is to fill that gap.

As an application, we prove a dual version of the Langlands classification, essen-
tially extending the Zelevsinky classification from general linear groups to connected
reductive groups (cf. [Z]). An irreducible representation ¢ with unitary central char-
acter is called anti-tempered if it satisfies the Casselman criterion for temperedness,
except with the usual inequalites reversed. Equivalently, 6-its dual under the involu-

tion of [Aub], [Be], [S-S]-is tempered. If 7 is an irreducible admissible representation

of G, there exists a unique triple (Q, u,0), with @ = LU a standard parabolic sub-

*

group, i € (ar)%

7 is equivalent to the unique irreducible subrepresentation of i¢ 1 (exp pu ® ) (The-

and 6 an irreducible anti-tempered representation of L, such that

orem 6.3). The growing role of duality in representation theory and its conjectured
relation with the Arthur parameterization convinced the aurthors to include this
application, especially as it contains information on the composition series (the ex-
istence of a unique irreducible subrepresentation) which is not a simple consequence
of duality. We note that this is also essentially a known result for which we do not
know of a proof in the literature.

In [K], it was noted that there is a problem with Lemma 5.3 [Sil]. We remark that
the main result in this paper can serve as a substitute for Lemma 5.3 in Silberger’s
proof of the Langlands classification.

Our proof of the Jacquet module result is essentially combinatorial in nature. By
a result of [B-Z], [Cas], we can calculate 7y ¢ 0 igam(expr ® 7)-or the corresponding
exponents which appear. Our argument uses the inequalities that arise from having
v € (ap)* and 7 tempered (the Casselman criterion) to show that any other expo-

nents which appear in 7y,,¢ 0 ig v (exp v @ 7) are necessarily different. As a technical
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remark, we note that in order to carry out this analysis, the various exponents which
appear must be converted to exponents in a* (the dual of the Lie algebra associated
to the maximal split torus of the minimal parabolic subgroup).

For general linear groups, the Langlands classification and the Zelevinsky classifi-
cation are related by the Zelevinsky involution (cf. [Tad]). The duality of [Aub], [Be],
[S-S] generalizes the Zelevinsky involution, and may be used in a similar fashion to
construct the dual Langlands data for an irreducible admissible representation from
the (ordinary) Langlands data for its dual. One issue arises in this process: the
duality of [Aub], [Be], [S-S] is at the Grothendieck group level, so does not preserve
composition series. To show that 7 is the unique irreducible subrepresentation of
ic.(expp ® 6), we note that duality does imply exp p ® 6 is the unique irreducible
subquotient of 71, goig 1 (exp p®0) having its central exponent; the result then follows
from Frobenius reciprocity.

We now briefly discuss the contents of the paper section by section. In Section 2,
we introduce notation and review some background results. In Section 3, we prove
a technical lemma which describes the action of the Weyl group on certain elements
in the dual Lie algebra a*. This result, together with a criterion for temperedness
proved in Section 4 (a variation of the Casselman criterion), is the basis for proving
the uniqueness of central characters and central exponents in Section 5. In Section
6, we apply these result to obtain the dual Langlands classification, and show that

for general linear groups, it is essentially the same as the Zelvinsky classification.

2. PRELIMINARIES

In this section, we review some background material and notation which will be
used in what follows.

Let F' be a p-adic field and G the group of F-points of a connected reductive
algebraic group defined over F'. Fix a maximal split torus A in G. We denote by
W = W(G,A) the Weyl group of G with respect to A. Let & = ®(G, A) be the
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set of roots. Fix a minimal parabolic subgroup F, containing A. The choice of Py
determines the set of simple roots II C ® and the set of positive roots &+ C . If
a € ®T, we write a > 0.

Let P = MU C G be a standard parabolic subgroup of G. We denote by 11, C II
the corresponding set of simple roots. Let Aj; be the split component of the center

of M, X(M)p the group of F-rational characters of M. Let
ay = Hom(X(M)p,R) = Hom(X (Anx)r, R)
be the real Lie algebra of A); and

*

its dual. Set a = a4, a* = a¥. We let ¢y : a}, — a* (or simply ¢) denote the
standard embedding and 7y, : a* — aj}; restriction ([Sil], [B-W]). Note that we have
a0 Ly = id.

There is a homomorphism (cf. [H-C]) Hy: M — ay such that ¢@ofa(m) = |y (m)]|
forallm e M, x € X(M)p. Given v € a},, let us write

for the corresponding character.

We denote by ig s the functor of normalized parabolic induction and by ry.¢
the normalized Jacquet functor. Let R(G) denote the Grothendieck group of the
category of smooth finite length representations of G. The Aubert duality operator
D¢ is defined on R(G) by

D¢ = Z (—D)™li 00,
M<G
where the sum runs over the set of all standard Levi subgroups of G. Let m be an
irreducible smooth representation of G. We define 7 = +Dg(7), taking the sign +

or — so that 7 is a positive element in R(G).
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Lemma 2.1. Let w be an irreducible smooth representation of G and x a character
of G. Then m =X ® 7 (where x ® ™ denotes the representation of G defined by
(x®@7)(g) = x(g9)m(g))-

Proof. It P = MU is a standandard parabolic subgroup of G and o is a smooth
representation of M, then Proposition 1.9 of [B-Z] implies

icu(Xx®0)=x®icm(0), TMc(X®T)=X®ruc(m).
The lemma now follows from the definition of Dg. O

Let II(P, Ay ) = {rm(a) | @ € II — I} denote the set of simple roots for the
pair (P, Ayr). We have a W-invariant inner product (-,-) : a* x a* — R. As in [Sil],
identifying a}, with the subspace ¢(a},) C a*, we set

(an)} ={z € aj; [ (z,0) > 0, Va € II(P, Aym)},
(an)” ={z € ajy | (z,a) <0, Vo € II(P, An)},
+ay, ={re€ay |x= Z Calt, Co > 0}

QGH(P,A]\/[)

A set of Langlands data for G is a triple (P, v, 7) with the following properties: (1)

P = MU is a standard parabolic subgroup of G, (2) v € (ay)*, and (3) 7 is (the

equivalence class of) an irreducible tempered representation of M.

We now state the Langlands classification (cf. [B-W],[Sil]):

Theorem 2.2 (The Langlands classification). Suppose (P, v, T) is a set of Langlands
data for G. Then the induced representation i (expv @ T) has a unique irreducible
subrepresentation, which we denote by L(P,v,T). Conversely, if m is an irreducible

admissible representation of G, then there exists a unique (P,v,T) as above such that

= L(Pv,T).

This theorem describes the Langlands classification in the subrepresentation set-

ting. It can also be formulated in the quotient setting, in which case v € (ax)%. We
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work in the subrepresentation setting for technical reasons: if @ = L(P,v,7), then

expr & 7 < rya(m).
3. A COMBINATORIAL LEMMA

In this section, we prove a technical lemma which will play a key role in the proof
of Proposition 5.3.

Let IT = {ai,...,a,} (the set of simple roots). As in [B-W]|, chapter IX, set
F = > Ra;. Then a* = 3* & F, where 3* = {x € a* | (z,a) = 0, Vo € II}. Define
Bis. .., Bn € F by (Bi, j) = 0;5. Then F = > Rf;. More generally, if I C {1,...,n},
then a* = 3"+ >,/ R + > ;e Ra;. Note that if M is the standard Levi factor with
Iy ={a;|i € I}, then in(a},) = 3"+, RG;. The set of simple roots Il is a basis
of an abstract root system in F. Let

Fr=a.NF={zxecF|(z,a) >0, Vo € II}.
Lemma 3.1. Let x,y € F, and w € W with w # 1. Then (wz,y) < (z,y).
Proof. That (wx—x,y) < 0is an immediate consequence of Proposition 18 in section
1.6, chapter 5 [Bou]. O
Let WMA = {w € W |wa > 0 for all a € Iy}

Lemma 3.2. Let P = MU be a standard parabolic subgroup of G. Suppose the simple
roots of G are labeled so that 1y = {ags1,...,an}. Let x = 181 + -+ + afr +
Chg1 Q1 + -+ Cpoy € F, with c1,...,c <0, Chg1,...,cn > 0. Let w € WA,
w# 1. Ifwe =dify+ -+ dpk + dgr1agsr + -+ - + dpay, then d; # ¢;, for some
ie{l,....k}.

Proof. Let

ailz -+ Qin

ap1 - Ann



JACQUET MODULES AND THE LANGLANDS CLASSIFICATION

be the matrix for the action of w with respect to the basis 31, ...

Observe that for 7,5 € {1,...,k}, we have
(wBi, B;) = (a1iBr + - - + ariBr + a(rg1)iQrs1 + -+ + Anicin, B;)

= a1((h, B;) + -+ + ari(Bk, 5;)-
Also, for j € {1,...,k},l e {k+1,...,n}, we have

(way, Bj) = (auf + - + auBr + g1 g1 + - - + Anici, )

= au (B, Bj) + - + ar(Br, Bj).

and

D=

wr

with the entries for * left unspecified as they do not play a role in what follow

is, if we = d1f1 4+ -+ - + di. B + dpr1gsr + - - + dpay, then

a11

k1
(wﬁ1 ) ﬁ1>

(Wb, Br)

a11

751

an1

A1n

Akn

A1n

Akn

a’l’L'f’L

dr
=A
d

&1

Ck

Cn

Cn

(Br, Br)

(Br, 1)

(WBk, B1)  (way1, 1)

(WBk, Br)  (wau+1, Br)

Then, noting B = BT, we have BA = D. Now, consider wz:

&1

Ck

Cn

(B1, Br)

(B, Br)

<'LUOén, 61>

<'LUOén, ﬁk>

7ﬁk>ak+1> s

s. That
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(noting that B is invertible because i, ..., 0 are linearly independent and (-,-) is
nondegenerate).
C1 C1 C1 C1
We would like to show B'D | : | # | : | ,orequivalently, D | : | # B
Cn, Ck Cn Ck
We have
1 cr(wp, B1) + -+ cr{wB, B1) + cey1{wagy, Bi) + -+ + colwan, Br)
pl ] )
Cn cr(wBi, Br) + -+ + ce{wB, Br) + crpr (Wi, Be) + -+ + cp{wan, Br)

and (using B = BT)

1 ci(B1, Br) + - + (B, 1)

B —
Ch c1{B1, B) + - + ik (Br, Br)
C1 C1
Therefore, the ith entry of B | : | =D | : | is equal to
C Cn

c1{Br, Bi) + -+ + (B, Bi)
— [er{wBn, Bi) + -+ + (WP, Bi) + Crr1(wantr, Bi) + -+ + cp{wan, 5]
= c1(B1 —wh, Bi) + - + k(B — WPk, Bi) — chrr(Warr, i) — -+ — cp{wan, 3;).
Now, w € WMA implies that for j = k + 1,...,n we have wa; > 0 and hence
(way, B;) > 0. Lemma 3.1 tells us that for j = 1,...k, (8; — wf;,5;) > 0. By
assumption, c¢y,...,¢c < 0 and —cgyq,..., —c, < 0, so the ith entry is < 0. Now,

fix i € {1,...,k} such that §; — w/p; # 0. Since the inner product is symmetric and

W-invariant, we have

0 < (Bi —wBi, Bi —wBi) = (Bi, Bi) — 2(wpi, Bi) + (B, Bi) = 2(Bi — wp, Bi)-
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Therefore, the ¢th entry is < 0, from which the lemma follows. O

4. CRITERION FOR TEMPEREDNESS

In this section, we give a variation of the Casselman criterion for temperedness
(cf. [Cas],[W]). The arguments done later in this paper use exponents in a* (rather
than the different aj, which arise) to facilitate comparison. Thus, in this section,
we reformulate the Casselman criterion in terms of exponents in a* (Corollary 4.4)
to set up these later arguments. Our starting point is the Cassleman criterion as
formulated in Proposition I11.2.2. of [W].

Let m be an irreducible admissible representation of G. Let
Mpin(m) = {L standard Levi|rpg(m) # 0 but ryg(r) =0 for all N < L}.
Let us define
Exp(m) ={u(p)| expp® p < rpq(m) for some p with w, unitary and L € M, (7)}

(where w, denotes the central character).
We use Expys(m) for the exponents of 7y a(m) defined by Waldspurger in section

1.3 of [W]; Expk, () for their real parts.

Lemma 4.1. Let m be an irreducible representation and L € My (m). If M > L
a standard Levi factor and & € Expf(m), then ri, (&) € Exp¥ (r) (where rk, denotes

restriction from a} to ay;), and every p € Exp’; (7)) has this form (for some L € Mpin

and & € Exp(m)).

Proof. This follows from Proposition 1.9(f) of [B-Z] and (Jacquet) restriction in
stages. [
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Lemma 4.2. Let A be the Cartan matrix

(1, 0q) ... (a1, ap)
A=
(p, 1) oo (i, Q)
Then,
</81761> e </8n7/81>
ALl = : :

<ﬁl>ﬁn> <ﬁn>ﬁn>

In particular, the entries of A~' are nonnegative.

Proof. The characterization of A™! is an immediate consequence of {«;, 8;) = d;;; the

non-negativity of its entries is Lemma IV.6.2 of [B-W]. O

Lemma 4.3. Condition (ii) (for standard parabolics) in Proposition II1.2.2 of [W]
holds if and only if every exponent v € Exp(w) satisfies v € +a*.

Proof. We check both directions. We remark that both condition (ii) from [W] and

the condition here of lying in +a* require that the 3* component be zero.

(«): Let P = LU be a standard parabolic subgroup, with I, = {a; [ i € I1}. If we
do not have L > M for some M € M,in(7), then rp ¢m = 0 and there is nothing to
prove. Thus, we assume L > M for some M € M (7).

Let u € aj € Expf(m). By Lemma 4.1, u = r¥(€) for some & € Exp¥, (7). Then
v=1y(&) € a* € Exp(m). Note that

re(w) =rpowm(§) =r} oraowm(§) =1 (&) = .

Write v = z + " | ¢;o. Then,

w=rp(v)=rp(z) + Zcim(ai) =rp(z) + Z cak,

igly,
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where a¥ = rz(a;) (a simple root in II(P, Ar) when i & I). Of course, u € +a} is

then equivalent to

¢i >0foralli¢lIy.

On the other hand, the assumption v € 4a* is equivalent to ¢; > 0 for all 7, from

which it immediately follows that p € +aj

(=): Consider v € Exp(m). Then v € vy (a},) for some M € M. In particular,
v € spangr,, {Bi}. Write

V= iciozi = Z dzﬁz
i=1

i€Ing

Note that our goal is to show ¢; > 0 for all 4. If one has My_g,,3 > L for some

L € M,;n(m), then one can use the same basic argument as above to show ¢; > 0.

However, this need not hold for all . In particular, an argument like that above will

tell us ¢; > 0 for all ¢ & I)s; we need to extend this to show ¢; > 0 for all 7.

If we let
(a,on) ... (a1, om) (B, B1) - (B, Bn)
A= : : and B = : : )

(an,a1) ... {an, an) (Brs B1) - (B, Bn)

then (cf. Lemma 4.2)

dy dy c1

Al = : and B : = : ;

d, d, Cn

Cc

[y

C

3

noting that d; = 0 for ¢ € I;. For convenience and without loss of generality, suppose

the roots are ordered so that Iy = {m +1,...,n}. Let

C1 Cm+1 dq
01 = s 02 = and D1 =

Cm Cn dp
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We may then write (block matrices)

4 Bi1 Bip D
Cy By1 Bap 0

so that 02 = BgJDl. NOW,

D, Air Aip Ch

)

0 Ax1 Asp Cy

implies D; = A; 1C) + A; 2Cy and therefore
Cy = By 1Dy = By 1A11C1 + By 1 A1 205,

ThU_S, (I — 3271/1172) 02 = B2,1A1,101- It fOHOWS fI'OHl BA =1 that I — BQJALQ =
By 2Ass. As Aso, Bao are invertible (from linear independence considerations, e.g.),

this gives
Cy = Az_éBz_éBz,lA1,1C1-

Again, it follows from BA = I that By1A11 = —B22A21. Therefore,
02 = _AQ_éAZlCl-

Since A is the Cartan matrix for a sub-root system, Lemma 4.2 tells us A, ) has
nonnegative entries. Also, since As; contains no diagonal entries, —As; also has
nonnegative entries. It now follows from c¢q,...,¢,, > 0 that ¢,y1,...,¢, > 0, as

needed. O

Corollary 4.4. Let w be an irreducible admissible representation of G. Suppose that
the central character of w is unitary. Then m is tempered if and only if every exponent

v € Exp(m) satisfies v € +a*.
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5. MULTIPLICITY ONE IN THE JACQUET MODULE OF A STANDARD MODULE

In this section,we prove the main technical result needed in this paper: if (P, v, 1)
is a set of Langlands data, then expv ® 7 is the only irreducible subquotient rys ¢ o
ig.m(expr ® 7) with its central character, and occurs with multiplicity one.

Let 6 be an irreducible representation of M. Let us write |wy| = expry, vy € a},
where wy is the central character of . Then, we may (uniquely) write 6 as exp vy ® ¢’
with vy € aj, and ¢’ having unitary central character. We call «(1p) the central
exponent for 6 (a slight abuse of terminology, as it would be a little more natural to
call vy the central exponent). Note that expr ® 7 has central exponent ¢(v).

Let Exp denote the set of exponents defined in the previous section.

Lemma 5.1. Let 6 be a representation of M and x a character of M. Then
Exp(x ® 0) = 1(vy) + Exp(6).
Proof. 1t follows from rp, p(x ® 0) = x ® rp v (0) that
expu®p <rpm(0) & x-expu®p < rpu(x®0).
Write x = exp vy ® Xu, Where X, is a unitary character. Then
X eXp U@ p=exply - exp il @ Xup = exp(Vy + 1) @ Xup

and the claim follows. O

If L < M is a standard Levi factor, then
af, = uy(ahy) © (a7,

where (%, denotes the embedding &, : a3, — a} and (a})* is the kernel of the

restriction 74, : a3 — a}, (see section 5 of [A2] for details).
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Lemma 5.2. Let L < M. Let 0 be an irreducible representation of M and i1 € aj
with () € Exp(0). Write

po=par+pp, g € cy(ahy), prl € (aph)”.

If wy is unitary, then py = 0. In general, uy = o5, ().
Proof. Suppose wy is unitary. Then |wg| = 1. According to [Cas|, page 45,

lwe(a)| = exppu(a), a€ Ap.

Since pl(a) = 0, a € Ay, it follows that pp(a) = 0, for all a € Ay Therefore,
par = 0.

Now, consider the general case. Write 8 = expry ® ¢, with ' having unitary
central character. Suppose p € a} satisfies ¢«(u) € Exp(f). Lemma 5.1 tells us

w =tk (vg) + 1/, for some p/ € a} such that «(y') € Exp(f'). Then

=y (ve) + phy + (1)1

Since i)y, = 0 and vy € a}y, it follows that py = 4 (ve). O

Proposition 5.3. Let m = L(P,v,7). Then expv ® T is the unique irreducible
subquotient of ryc o igm(expy ® T) having central exponent 1(v), and occurs with

multiplicity one.

Proof. Let F = > | Ra; =Y " | Rf; be as in section 3, so that a* = 3*®F. If 4 € a*,
we denote by p° the orthogonal projection of p onto F. Let Iy = {i | oy € Ips}. If
1 € a*, then we can write
H=z+ Zciﬁi—l— Zciai,
i@l i€y
where z € 3*. In particular, if p € Exp(expr ® 7), then

z+ Z cifti = u(v), Z cioy € Exp(T).
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Since v € (ap)*, we have ¢; < 0 for i & ). Corollary 4.4 implies ¢; > 0 for ¢ € Iy;.
Therefore, 4° satisfies the conditions of Lemma 3.2.

For =z + ZieZIM cifBi + ZieIM ciov, let par(p) = ZieZIM ¢if3;. If 6 is an irreducible
representation of M and p € Exp(f), then Lemma 5.2 tells us ¢(15)° = pas(p).

It follows from the results of Bernstein-Zelevinsky and Casselman (cf. Lemma 2.12

[B-Z] or section 6 [Cas]) that
Exp (igu(expr @ 7)) C WYA . Explexpr @ 7).

We now combine the above observations. Let 0 < ry; g oigam(expr ® 7) be irre-

ducible. We have

Exp(0) C Exp (igu(expr @ 7)) C WMA. Explexpr ® 7)

(8
CentExp(0)° € {py (WMA . Explexpr @ 7))},

where C'ent Exp denotes the (M-)central exponent. Thus, to show that exp v®T is the
unique irreducible subquotient of 7y ¢ oig a(exp v ® 7) having central exponent ¢(v),
it suffices to show that pys(wp) # ¢(v)° for any p € Explexpr @ 7) and w € WA
having w # 1. This follows from Lemma 3.2. UJ

Corollary 5.4. Let 1 = L(P,v,7). Then expv ® T is the unique irreducible subquo-

tient of ryrc o igm(expr ® T) having central character expv ® wy.

Remark 5.5. Proposition 5.3 and Corollary 5.4 also hold for O(2n, F')-this is es-
sentially the same combinatorial statment as for Sp(2n, F) or SO(2n + 1, F). In
particular, all three have the same Weyl group, the same concrete realization of the
Langlands classification (cf. [B-J1] and the appendix to [B-J2]), and the same relevant
double-coset representatives for the Weyl group (cf. Lemma 3.6 [Jan3]).
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6. THE DUAL LANGLANDS CLASSIFICATION

In this section, we give the main result in this paper—the dual Langlands classifi-
cation (cf. Theorem 6.3).

If A is an irreducible representation of G with unitary central character, we say that
0 is anti-tempered if every exponent v € Fxp(f) satisfies v € —a* (i.e., it satisfies
the Casselman criterion with the inequalities reversed—cf. Corollary 4.4). Note that
this is equivalent to having 0 tempered.

Let P = MU be a standard parabolic subgroup of G. If wy € WM4 is the longest
element, then L = wy(M) is also the Levi factor of a standard parabolic subgroup @
of G. Further, if 7 is an irreducible tempered representation of M, then 6 = w7 is

an irreducible anti-tempered representation of L.
Lemma 6.1. If v € (ayn)*, then p = wov € (ag)?.

Proof. Let v € (ap)* and p = wov. If v € II(Q, AL), then v = rp(a;) for some
a; € I — M. Proposition 1.1.4 of [Cas] implies wy'(a;) < 0. It follows that

wy (o) = 0 i, ¢; < 0. Then
w(;l(V) =TMm <Z Cz’%) = Z CaCt,
=1 QGH(P,A]\/[)

where ¢, < 0 and not all ¢, are equal to 0. By assumption, (v,a) < 0 for all

a € II(P, Ay). Tt follows that

<:u> '7> = <w0_1:u> w(]_17> = <V> Z CaOé> = Z Ca<l/, a> > 0>

QGH(P,A]\/[) OZGH(P,A]\/[)

so p € (ag)i. O

Lemma 6.2. Let m = L(P,v,7). Then 7 is the unique irreducible subrepresentation

of ig.r(exppu ® ), with L, i, 0 as above.
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Proof. We have expr @ 7 < 7y ¢(m). Corollary 5.4 tells us that expr @ 7 is the
unique irreducible subquotient of 7 ¢(7m) having central character expr ® w,. Let
Zyr denote the center of M and Z; = wo(Z). Combining Lemma 2.1 and Théoréme

1.7 of [Aub], we have

expu® 6 =wolexpr ®7) = wolexpr @ 7) < rr.6(7),
and this is the unique irreducible subquotient of 7, ¢ o i 1(exp p ® €) having central
character exp u ® wy.
We now need the following standard result ([Cas|, [Gus], [W]): If (p,V) is an

admissible representation of L and w is a character of Zj, write
Vi, = {v € V' |there is an n € N such that [p(z) — w(2)]"v =0 for all z € Z.}.

Then V = &,V,, as a direct sum of L-modules. In particular, let p = r ¢(7) and
A = exp u®uwy. Then V) is just the L-module exp p®6 (as it is the unique subquotient
of r.¢(7) having this central character), so appears as a direct summand in 77, (7).

The lemma now follows from Frobenius reciprocity. U

Theorem 6.3 (The dual Langlands classification). Let ) = LU be a standard par-
abolic subgroup of G, v € (ar)%, and 8 an anti-tempered representation of L. Then
the induced representation i r(expv ® 6) has a unique irreducible subrepresentation,
which we denote by DL(Q, ,0). Conversely, if m is an irreducible admissible repre-
sentation of G, there is a unique triple (Q, p, 0), with Q a standard parabolic subgroup,
p € (ap)y and 0 an anti-tempered representation of L, such that m = DL(Q, 11, 6).
Further, suppose that ®# = L(P,v,T) in the Langlands classification. If P = MU

and wy € WA s the longest element, we have L = wo(M), p=wov, and 0 = woT.

Proof. If (P, v, 7) is the Langlands data for 7, it follows immediately from Lemma 6.2
that (Q,u,0) is the dual Langlands data for w. This shows the existence of dual
Langlands data. Conversely, if one starts with (Q, u, ) is dual Langlands data for
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7, Lemma 6.2 implies (P, u,7) is Langlands data for 7. The uniqueness of dual
Langlands data then follows from the uniqueness of Langlands data. The relation-
ship given between the dual Langlands data for 7 and the Langlands data for 7 is

immediate from the above discussion. O

Corollary 6.4. Let 1 = DL(Q,pn,0). Then the multiplicity of m in the induced

representation i, (expv ® 0) is one.

Proof. This follows from the corresponding result for the Langlands classification and

the previous theorem. O

Remark 6.5. By Remark 5.5, we know Corollary 5.4 holds for O(2n, F'). Further,
by [Jan3|, we have a duality operator for O(2n, F') with the properties from [Aub]
Théoreme 1.7. It is then a straightforward matter to check that Lemma 6.2 and
Theorem 6.3 hold for O(2n, F') as well.

We close by considering the case of general linear groups. In this case, the dual
Langlands classification, suitable interpreted, is the same as the Zelevinsky classifi-
cation.

We start by reviewing some notation regarding general linear groups, most of which
is taken from [Z]. If 7, mo are admissible representations of GL(k1, F'), GL(kz, F),
respectively, we define m X my = iga(m1 ® m2), where M = GL(ky, F') x GL(ko, F')
is the Levi factor of a standard parabolic subgroup of G = GL(k; + ko, F'). Let
v = |det|. Let p be an irreducible supercuspidal representation of GL(m, F') and
k > 0 an integer. The set A = [p,v*p] = {p,vp,...,V*p} is called a segment. The
induced representation p X vp x - - - X v¥p has a unique irreducible subrepresentation,
which we denote by (A), and a unique irreducible quotient, which we denote by §(A).
For GL(n,F'), the Aubert involution coincides with the Zelevinsky involution (cf.

Théoreme 2.3 [Aub]) and §(A) = (A). The representation 6(A) is square integrable

if the segment is balanced, i.e., of the form A = [v=%p, v¥p|, where p is unitary and



JACQUET MODULES AND THE LANGLANDS CLASSIFICATION 19

k is a half-integer. In addition, if 7 is a tempered representation of GL(n, F'), then

~

T =2 §p X --- X Jg, for some square integrable representations 41, ..., ds; this follows
from the irreducibility of induced-from-unitary representations of GL(n, F').

The above implies the following description of the dual Langlands classification for
GL(n, F). Suppose Ay, Ao, ..., Ay are balanced segments and «; > -+ > qy are real

numbers. Then the induced representation
V(AL X V¥ (Ag) X - X VR (A)

has a unique irreducible subrepresentation and any irreducible admissible represen-
tation of GL(n, F') can be obtained in this way. If a; = o, then v*(A;) and v* (A;)
may be interchanged; up to such permutations, the inducing data is unique.

Next, we review the Zelevinsky classification (cf. [Z]). We say that the segments
A and Ay are linked if Ay ¢ Ay, Ay & Ay and Ay U Ay is also a segment. Suppose
A and A, are linked and A, = [pl,yklpl],Ag = [pg,ykng]. If py = v'py, for some
¢ > 0, we say that A; precedes As.

Let A1, Ao, ..., Ar be segments. Suppose for each pair of indices i < j, A; does
not precede A;. Then the representation (A;) x (Ag) x --- x (Aj) has a unique
irreducible subrepresentation which we denote by (A, Ag, ..., Ag). Any irreducible
admissible representation of GL(n, F') is isomorphic to some representation of the
form (A, Ay, ..., Ag) and the choice of Ay, Ay, ..., Ay is unique up to a permutation.

Now, we consider the dual Langlands classification again. Suppose A1, Ag, ..., Ag
are balanced segments and oy > --- > q are real numbers. Let A} = v*A;. It
is a straightforward matter to check that (A}),..., (A}) are Zelevinsky data, i.e.,
Al ..., Al satisfy the do-not-precede condition. Conversely, if we start with Zelevin-
sky data (A}),..., (AL), we can write A, = v*A,;, where A; is balanced and «; is a
real number. Let p be a permutation of {1,2,...,k} such that a,a) > -+ > apw).
Then v**®§(Apw)), ..., v**®6(Ayy) form Langlands data, so A) ..., Al also
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satisfy the do-not-precede condition. It follows that

<A/1>A/2>>A;c>:< ;/z)(1)> ;)(2)7"'> ;/u(k)>

The above discussion shows that the dual Langlands classification for GL(n, F'), suit-

ably interpreted, is the same as the Zelevinsky classification.

[A1]

[A2]

[Aub]

[B-J1]

[B-J2]
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